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Abstract— The turbulent energy dissipation rate time-scale and length-scale has been routinely used for the 
prediction of noise from turbulent flows, particularly jet streams. However, this is not the only possible choice. 
In general, scales evolving in a turbulent medium are threefold. First, those associated with the mean flow; 
second, those attributed to the turbulence and the mean flow interactions; and third, scales related to the tur
bulence-turbulence interactions. In this paper, special attention will be paid to further study of the underlying 
physics of aerodynamic noise by examining various time-scales. To do so, three time scales, namely, dissipa
tion, production, and strain rate time scales, are defined and used in the source modelling to emphasis the 
effect of the turbulence structures at different jet regions on the jet noise production mechanism. The required 
mean value and turbulence parameters are obtained using a modified k — € turbulence model, and Lighthill’s 
Acoustic Analogy is used for the prediction of the emanated noise.
PACS numbers: 43.28.Ra, 43.58.Ta 
DOI: 10.1134/S106377100903021X

1. INTRO D U CTIO N

The prediction of radiated noise from turbulent 
flows has been the subject of many studies since the 
1940s. One of the first attempts is due to Sir James 
Lighthill, often referred to as the Acoustic Analogy [1, 2]. 
The Acoustic Analogy is, in fact, rearrangement of the 
mass and continuity equations in form of the Helm 
holtz wave equation with a quadruple source on the 
right hand side. Despite the simple form of the Acous
tic Analogy, its source term  definition obstructs its 
potentially easy solution. This difficulty led other 
works to derive rather more sophisticated wave equa
tions, such as that of Phillip’s [3] or Lilley’s [4] equa
tions, which require relatively less information of the 
source term.

Jet noise prediction models were mostly based on 
the scaling laws found from the experimental data 
until the 1980s when the first commercial computa
tional fluid dynamics (CFD) codes became available. 
Jet flows are believed to be highly turbulent. So, CFD 
simulations were accompanied by various fast turbu
lence models, such as Reynolds-averaged Navier 
Stokes (RANS) k — €, or Ra N s k — ю models (with k 
being turbulent kinetic energy, € turbulent dissipation 
rate, and ю =  €/k). These solutions provide the mean 
flow values along with the time-averaged properties of 
the turbulence parameters, such as turbulent kinetic 
energy (TKE) and turbulent intensity, which are 
required for modelling the source terms.

1 The text was submitted by the authors in English.

In order to mathematically model the source term 
characteristics, one needs to introduce some defini
tions, such as those for the time-scale, and length- 
scale. There have been several articles discussing dif
ferent aspects of the definitions generally used in 
aeroacoustic problems, such as their frequency depen
dency, see for example ref [5]. Amongst the various 
parameters most attention has been paid to the length- 
scale, and convection velocity [6, 7]. Other authors 
have taken a more pragmatic approach and used 
experimental results together with best curve-fit for 
each scale and for some special problems, in particular 
jet noise [8, 9]. Most of the time these attempts end up 
with some sophisticated mathematical relations which 
are characteristically derived for a particular applica
tion or for a special method.

This paper concerns an investigation of different 
available turbulent time-scale, and will examine their 
effect on jet noise prediction improvement. A single 
flow jet working at M ach 0.6 is chosen for this study. 
The required CFD data for source modelling are 
obtained using a modified k — € method. The noise 
prediction is then dealt with by Lighthill’s Acoustic 
Analogy for an observer located at 90 degrees to the jet 
axis and situated in the acoustic far-field. The reason 
for concentrating on 90 degrees is that convection and 
refraction effects (due to the sound and flow interac
tions) can be ignored.

The rest of the paper is organised as follows. In Sec
tion 2, different time-scales are introduced and 
explained. Section 3 deals with the derivation o f the 
Acoustic Analogy and shows how it utilizes the time-
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and length-scale. Later, a new model will be intro
duced which makes use of different time-scales for 
prediction of spectral density intensity at ninety 
degrees. Numerical results and discussions will come 
later in Section 4. Two different cases are compared in 
this section: first, prediction of noise using one single 
time-scale, which can be any of the time-scales intro
duced in Section 2, and second, noise prediction using 
an averaged spectral density intensity model, which 
makes use of some or all of the time-scales introduced 
earlier in Section 2. Finally, a summary of the results 
will be given in Section 5.

2. TU RBU LEN CE
Turbulence constitutes a random  and unpredict

able physical medium which contains various 
motions, ranging in size from very small scales, known 
as Kolmogorov scales, up to the order of the shear 
layer width. According to Richardson’s hypothesis, 
referred to as the energy cascade, kinetic energy enters 
the turbulence at the largest scales of m otion and is 
then transferred to the smaller scales through a vortex 
stretching mechanism. The kinetic energy is then dis
sipated to heat by viscous action at the smallest scales. 
A general description of the motions in a turbulent 
flow can be given by length- and time-scale defini
tions. Due to the multidimensionality of the turbu
lence different scales are required. In general, scales 
are in close relation to the dominant physical process. 
Motions in the turbulence can be broken into three 
categories [10]: (1) those associated with the mean 
flow properties, (2) those describing the m ean flow 
and turbulence interactions, and finally (3) those con
nected to the turbulence-turbulence interactions. In 
what follows, some of the most important scales are 
introduced and will be later used for prediction of 
radiated noise from a jet flow.

Length and time characteristics of the Kolmogorov 
scales are given by [10],

, 3/4 , 1/4 1/2 , 1/2ln = v /e  , Tn = v /e  , (1)

where v is the kinematic viscosity and e is the dissipa
tion rate. Furthermore, turbulence decay can be char
acterized by length and time-scale given by,

3/4 1/4ld = k /e  , Td = k/e, (2)

where k is turbulent kinetic energy. These characteris
tic time- and length-scales will be referred to as the 
dissipation time- and length-scales hereafter.

If  only one time-scale and length-scale are used to 
characterize the turbulence, say ld, and Td, it means 
that these scales are a characteristic of all the 
scales/motions of the turbulence via proportionality 
constants. This is because the turbulence is self-similar 
and all scales adjust to flow changes at the same rate. 
This characteristic of the turbulence, regarded as the 
self similarity or self-preservation, is an important

physical phenom enon of the fully developed turbulent 
jet and implies that the velocity and Reynolds stress 
terms become constant with respect to the stream- 
wise direction after being scaled. However, the self
similarity does not hold all the time. It is well under
stood that the m ean velocity in a turbulent jet flow 
reaches self-similarity at about 10D from the jet exit. 
Hence, it is crucial to introduce some other scales to 
describe the region between the nozzle exit to the self
preservation region.

Besides the above equations which describe the dis
sipation rate, the production rate time-scale can also 
be used to gain a better insight of the rate at which the 
TKE is transferred from the mean flow into the turbu
lence. It is defined as [10],

тp = k/Pr , (3)

where Pr denotes the production of the TKE. The cor
responding length-scale, lp, is of order of the largest 
eddies in the flow. In addition to the above scales 
which are associated with the turbulence-turbulence 
interactions, some other quantities are also required to 
describe the mean flow alone interactions. To do so, 
the strain rate time-scale is defined as [10],

т s = 5 Ui/6 r  Л  (4)

where Ux is the stream-wise mean velocity. It has been 
shown before that the strain rate time-scale is smaller 
than the production and dissipation time-scales [11].

It can be informative to know that how the different 
time-scales relate to each other. The relation between 
the dissipation and production time-scales can be 
understood using the equation of motion for the tur
bulent kinetic energy. This equation for a steady flow 
can be written as,

Advection Turbulent transport (5)

Л d 1 -------- 1 ---------------- ---------
) = ---------1 pu'j +  1 u'i ui u'j -  2vu i sij

J  dx , \p  2 ,

-  u' u j  Sij -  2vsijsij ,

Production Dissipation

where ui' denotes the fluctuating velocity components, 
Sj and sy are the mean and fluctuating rate o f strain, 
and p  is the pressure. The term  on the left-hand side 
accounts for advection of the Reynolds stress,

-d-  (1 u' u | , by the m ean flow. The first three terms on
d j  2  ' 4
the right-hand side will be referred to as the turbulent 
transport terms, and the second and third terms on the 
right-hand side of (5) account for the production (Pr) 
and dissipation (e) of the turbulent kinetic energy bud
get, respectively. The above equation can then be writ
ten in terms of different time-scales by dividing it by k,

- 1
Tadvec + T-1

prod + Tdiss + T-1
trans = 0. (6)
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It has been shown that in the fully-developed 
region of a round jet the production and dissipation 
effects are of the same order and the most dominant 
effects [12]. Furthermore, the mean-flow convection 
plays an important role near the jet axis. It is also 
shown that the turbulent transport effect decreases the 
turbulent kinetic energy budget near the jet axis, while 
that is opposite further away from the axis. However, 
the transportation contribution to the TK E budget is 
m uch less important than the other three phenomena. 
Finally, one can conclude that though physical inter
pretation of the advection and transport time-scales is 
not as easy as that o f the dissipation and production 
time-scales, form of equation (6) implies that there 
exists a general equation governing the behaviour of 
different time-scales.

3. ACOUSTIC ANALOGY

5 1
3 5 232n pc x

да

Ш
У(п)У(У2)

d4 dt4 ( 1 1 )

xT (x,x) y 1,t T(x,x) y 2,t + T + T* eJ™dyd y 2dT,

where t * = x /x [ ( y 2 -  y ])/c]. The above equation con
tains a two-point correlation function which is m ea
sured in a fixed frame of reference. In order to take 
account of effects of source convection, one needs to 
convert this correlation function to a moving frame of 
reference. This can be carried out by defining

Ъ = (y2 -  y 1) -  icMcT, (12)

where i denotes the unit vector along the source- 
observer connecting line. Then, the spectral intensity 
density may be calculated from

Lighthill’s equation is known as the first formula
tion for prediction of noise emitted from turbulent 
flows. Lighthill’s Acoustic Analogy is, in fact, rear
rangement of the mass and continuity equation in the 
form of Helmholtz wave equation. It is given by [13],

□ 2p'
dxtdx T(i, J),

2
(7)

2 1 d 2 2where □ =  - 2— 2 -  V  is wave operator, c is the sound
c dt

speed in the ambient medium, and primes denote the
perturbation about the basic state. Tj is the Lighthill 
stress tensor, given by

T(i,j) = P vV j + S;j{(p -  po) -  c2(p -  Po)], (8)

where p is density, c is sound speed, v i being the 
instantaneous velocity vector, p is pressure, and the 
“0” subscripts denote the value of the quantity at rest. 
Concerning the noise radiation from a jet running at a 
moderate temperature as viewed by an observer 
located at 90 degrees to the jet axis, the largest contrib
utor to the Lighthill’s stress tensor is the first term  in 
equation (8). Hence, the Lighthill’s stress tensor can 
be approximated by [13]

5
4рю

32n3cx2
да

< J J {  R«  У, л  т /
-да V(yi)V(y2)

d^d y 1 ,

where R(m) is the two-point correlation function of the 
Lighthill stress tensor in the moving frame £,, and is 
given by [9]:

Rlm’(yi, t  T = T‘x'x ŷ1, ^  !  • (14 )

и
T h e  co rre latio n  in  the m oving fram e o f reference can 
be m odelled in  vario u s form s. In  th is paper a G a u ssia n  
fo rm  is  used [9]:

-f « T -M
R(m) y1, 5, t) = Y 2p2k 2e 1 lo j e U j , (15)

where Y  is the source term  amplitude factor. Finally, 
the spectral intensity density at 9o degrees becomes 
after using equation (15) in (13),

Ti, j) = p« i:«) .  (9)

The density fluctuation for a far-field observer located 
at a distance x can then be found from

_ P_
9nc 5x 2

f \3 ci f \4Ю 2fflo.

2
dy, (16 )

P' XXt = 4nxcJ М д !! 7'x,x’ y , t -  X "  y /c  dy. (10)
V(y)

The far field spectral intensity density, 5 (x ю , can be 
found through the Fourier transform of the autocorre
lation function of the far-field pressure (p ' = c p'):

where ю0 = 2я / т 0, and cT, and ct are time- and length- 
scale calibrating coefficients respectively. In addition 
т0, and l0 are the characteristic tim e- and length-scale 
and can take any of the forms mentioned in Section 1. 
As mentioned before, there is usually just one tim e
scale used in this equation. However, equation (16) 
can be rewritten in the following form while allows us
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Fig. 1.

to take account of the contribution of various the 
dominant processes of the turbulence [14, 15]:

S P
9nc5x2

X J  k 7/2
V(y)

( V
Ci

( V
y®0, jу

2

d y,

(17)

where j  can be any of {d, p, s}, with Uj being the number 
of the time-scales used, Wj is the weight coefficients, 
and ю0, j =  2 я Д 0, j. Both of the last two equations, (16) 
and (17), will be used for noise prediction in the next 
section.

4. N U M ERICA L RESULTS AND DISCUSSION
Numerical results and discussions are presented for 

a single-flow, isothermal jet working at M ach number 
M =  0.60. The nozzle diameter is 49.75 mm. A Rey
nolds Averaged Navier Stokes (RANS) scheme using a 
simple modified k — e turbulence model was used to 
achieve the required input for the acoustic source 
model. The following coefficients are chosen in our 
k — e model:

Сц =  0.09, C1e =  1.44, C2e =  1.83.

In this model C2e is changed from the default value 
of 1.92 to 1.83 to reduce the spreading rate from 0.12 
to 0.10 and get a better self-similarity agreement in the 
fully developed range. The m ean flow parameters as 
well as the time averaged turbulent parameters can be 
obtained using this CFD simulation.

Figure 2 shows the mean velocity contour, while 
Fig. 3 illustrates the variation of the turbulent intensity 
inside the jet shear layer. An estimate of the position of 
the most powerful sources can be obtained using a 
TKE or turbulent intensity contour, particularly at 
high frequencies. It is generally accepted that the most 
important contributing sources are located within 15D 
of the jet exit, which is mainly part of the inertial sub
range of the turbulence. It can be seen from Fig. 3 that 
the most powerful high frequency sources are aggre
gated in an area close to the nozzle lips (r/D  =  0.5). 
The variation of the TKE at different radial positions 
is also shown in Fig. 4. The figure shows that the TKE 
decays very rapidly for source after x/D  =  20, which 
means they would not give a significant contribution to 
the sound production mechanism.

Variation of the turbulent length-scale and tim e
scales, equation (2), are illustrated in Fig. 4. The fol
lowing inferences can be made. It can be also seen that

I
2.11e+2

1.90e+2 

1.69e+2 

1.48e+2 

1.27e+2 

1.06e+2 

8.46e+1 

6.34e+1 

4.23e+1 

2.11e+1 

0.00e+1

Fig. 2. Velocity contour of a M0.6 isothermal single flow jet.

ACOUSTICAL PHYSICS Vol. 55 No. 3 2009



JET NOISE PREDICTION USING DIFFERENT TURBULENT SCALES 437

I
4.16e+3 

3.75e+3 

3.33e+3 

2.91e+3 

2.50e+3 

2.08e+3 

1.67e+3 

1.25e+3 

8.83e+2 
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Fig. 3. Turbulence intensity contour of a M0.6 isothermal single flow jet.

the eddies located between the outer shear layer and the 
potential core are smaller than 0.5D. This size increases 
with the axial distance. The largest eddies are of order of 
about 4D and are located in a region 20 D away from the 
jet exit. These eddies are receiving energy from the 
mean flow, and transfer it into the turbulent energy cas
cade process. Furthermore, it can be seen from the fig
ure that the length-scales exhibits a transversal tendency 
throughout the jet shear layer, which implies that the 
shear layer can be divided into some sub-domains char
acterized by different physical processes. It is generally 
believed that the dominant physical process in the close 
vicinity of the jet exit is the dissipation of the TKE, 
while that at further downstream is the production of 
the TKE (see [11, 14]).

Comparison of different time-scales is given in Fig. 5. 
The first contour shows log(Td/Tp) at different regions 
of the jet flow, while the second contour demonstrates 
the behaviour of log(Td/T5). The most important differ
ence between the production time-scale and the dissi
pation time-scale appears in the jet downstream, i.e. 
region of the jet large eddies, at which the production 
of TKE is dominant. Comparisons show that the pro
duction time-scale is at least three times bigger than 
the dissipation time-scale near the jet axis. Results also 
show that the dissipation time-scale is always bigger 
than the strain rate time-scale by a factor of about 1.25 
to 4.40. This factor, in general, increases with distance 
from the jet axis.

Comparison o f the predicted noise at 90 degrees 
using the different single time-scales model, equa
tion (16), is given in Fig. 6. The following calibration 
coefficients (for best fit to the data) for a sole dissipa
tion time-scale are found:

Yd =  0.85, cT, d =  1.35, c, =  1.65.

The coefficients for a sole production rate tim e
scale are:

Yp =  1.3, cT, p =  1.5, c, =  1.65.

It can be deduced from Fig. 7 that using only the 
dissipation rate time-scale does not lead to acceptable 
agreement with the measured data. In most of the 
cases using a sole time-scale leads to underestimation 
at low and high frequency range. Such a discrepancy 
when the dissipation rate time-scale is used has been 
reported many times, e.g. [8, 9]. By contrast, using the 
production rate time-scale provides good agreement 
with experimental results at low frequency and overes
tim ation at high frequencies. The spectral density 
intensity associated with the strain rate time-scale is

TKE

Fig. 4. Turbulent kinetic energy at different radial posi
tions.
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Fig. 5. Length and time-scale contours for a M0.60 isothermal single flow jet.
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also shown in Fig. 7 which has not shown any advan
tage to the other time-scales.

Finally, equation (17) using the new calibration 
coefficients and weight factors (wj) are used resem
bling a kind of averaged spectral intensity density while 
the production, strain and dissipation rate time-scales 
are all employed. Such an idea was originally given by 
Frendi et al. [14, 15] for noise prediction of a super
sonic jet flow. I t was shown by the authors that using a 
multiple time-scale and averaged spectral intensity

density is superior to using a single time-scale. This 
can be interfered to be due to the complex nature of 
the turbulence. As mentioned earlier turbulence is a 
m eduim  of various scales and for a description of its 
behaviour an adequate num ber of scales m ust be 
used. Two sets o f simulations are performed here. In 
the first simulation, a “dual tim e-scale” m odel is 
defined after ref. [14, 15]. The production and dissi
pation rate time-scales (wd =  wp =  0.5) are used in this 
model. In the second sim ulation a “triple tim e-
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SPL

Fig. 7. Noise prediction at 90 degrees using different time-scales; i.e. dissipation time-scale, production time-scale and dual 
time-scale.

SPL

Fig. 8. Noise prediction at 90 degrees using dual and triple time-scales models.

scale” model is defined which makes use of all o f the 
scales (wd = wp = ws = 1/3). The production/dissipa- 
tion rate calibration coefficients are found in such a 
way that provides the best fit to the low/high fre
quency part of the noise spectrum, and the strain 
rate coefficient is used to adjust the peak frequency 
in the second model. The following coefficients are 
found:

1.65 \

Yd = 0.85, cT d = 1.35, 

Yp = 1.30, cx,p = 1.50, 

Ys = 11.0, cT,s = 7.00.

Figure 8 shows the comparison of the dual and tri
ple time-scale models against the experimental data. 
The following inferences can be made. First, compar
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isons reveal that using a set of time-scale instead of a 
single time-scale has remarkably improved the noise 
prediction over the entire frequency band. This obser
vation emphasises that according as one single tim e
scale is not capable of defining all physical events 
occurring in the turbulence, using one single tim e
scale cannot be enough for a comprehensive capture of 
the noise production mechanism. Second, compari
son also shows that an acceptable level of accuracy can 
be obtained around the peak frequency using only the 
dual time-scale model (i.e. production and dissipation 
time-scales), which implies using the strain rate tim e
scale is redundant and does not have significant effect 
on the peak frequency location.

5. CONCLUSION
The effect of using different turbulent time-scales 

on jet noise prediction is considered in this paper. The 
formulation used for noise is based on Lighthill’s anal
ogy. Three time-scales are used to represent different 
processes of the turbulence, namely dissipation, strain 
and production rate. These parameters along with the 
required m ean flow parameters can be obtained using 
a k — e turbulence model. Three noise prediction 
models have been proposed, i.e. sole time-scale 
model, dual time-scale model, and triple time-scale 
model. Comparisons have shown that using the sole 
time-scale model leads to underestimation at low and 
high frequencies, while using the dual and triple tim e
scale models could significantly improve the noise 
prediction all over the frequency of interest. This 
implies that a single time-scale is not able to mimic the 
underlying physics of the noise production m echa
nism, while using a dual or triple time-scale models 
provides a better representation of the noise produc
tion and radiation mechanism. This inference can also 
be rephrased as saying that the time-scale used in the 
Acoustic Analogy model must represent the dominant 
turbulence phenomenon occurring at the source posi
tion. Therefore, any mismatches appearing between 
the dominant phenom enon and the used time-scale 
would lead to underestimation or overestimation of 
the prediction.
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