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Abstract— This paper presents an approach for obtaining the exact frequency equations of axisymmetric and 
asymmetric free vibrations of transversely isotropic circular cylinders. The solution method is based on the 
three dimensional theory of linear elasticity and uses potential functions. Using this approach, the frequency 
spectra and vibration mode shapes are plotted for a number of transversely isotropic cylinders. The proposed 
approach introduces a number of merits compared to earlier approximate and exact solution methods. First, 
unlike numerically complicated series methods that provide approximate solutions, the proposed approach is 
exact. Second, combination of scalar functions employed for representing the displacement field is consistent 
with the physics of the problem. One scalar potential function has been considered for each component of the 
wave field inside the elastic cylinder. As a result, the solution is systematically divided into coupled and decou­
pled equations. In addition, by using this approach, there is no need to guess the final of the solution a priori. 
These merits make the proposed approach suitable for other vibration problems of anisotropic materials.
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1. IN T R O D U C T IO N

A  num ber o f theories fo r determ inatio n o f n a tu ral 
frequencies o f cy lin d e rs have been developed and used 
over the years [ 1 —4]. F o r a fin ite -le n g th  v ib ratin g  c y l­
in d e r, an  exact m ath em atical so lu tio n  cann ot be e a sily  
obtained b y the th re e -d im e n sio n a l lin e a r e la stic ity  
theory. Therefo re, several approxim ate so lutio ns have 
been proposed fo r estim ating the n a tu ra l frequencies 
and m ode shapes o f iso tro p ic cy lin d e rs [3—1 1 ] . W hen 
the c y lin d e r is  an iso tro p ic, the so lu tio n  o f the free 
v ib ra tio n  prob lem  becom es s ig n ific a n tly  m ore co m ­
plex. Lu sh e r and H a rd y  [1] used the approxim ate 
series approach o f M orse [13] to study the axisym m et­
r ic  m odes o f fin ite -le n g th  transversely iso to p ic c y lin ­
ders and presented experim ental results fo r sapphire 
rods. H e y lig e r [12 ] ap p lied  the R itz  m ethod fo r esti­
m ating the n a tu ral frequencies o f ax isym m etric free 
vib ratio n s o f fin ite  transversely iso to p ic cy lin d e rs. 
U sin g  n u m e rica l and a n a ly tic a l approaches, G r ig - 
orenko [14] studied the n a tu ral v ib ratio n s o f an iso tro ­
p ic  so lid  and ho llo w  cylin d e rs o f fin ite -le n g th  w ith  d if­
ferent end co n d itio n s. H e  also investigated the depen­
dence o f the d ynam ic ch aracte ristics o f the c y lin d e r on 
its geom etrical and m e ch a n ica l param eters. T h e  m ost

1 The text is published in the original.

com plete study o f v ib ratio n s o f fin ite -le n g th  trans­
versely iso to p ic cy lin d e rs is due to C h a u  [2]. H e  
obtained the axisym m etric and asym m etric frequency 
equations o f a fin ite -le n g th  transversely iso to p ic c y lin ­
der b y using a p o te n tia l fu n ctio n  approach. A lth o u g h  
each o f the m ethods discussed above has considered a 
p a rticu la r aspect o f the vib ratio n s o f fin ite -le n g th  iso ­
tro p ic and transversely iso tro p ic cy lin d e rs, each 
m ethod has som e lim ita tio n s as follow s.

D u e  to the nature o f the series so lu tio n  used by 
Lu sh e r and H a rd y  [1] , th e ir m ethod can  provide 
answers as close to exact as required fo r a transversely 
iso tro p ic cylin d e r, but it  is n u m e rica lly  co m p licated . 
M oreover, th e ir m ethod leads to com plex term s for 
d isp lacem ent com ponents and m akes the so lu tio n  o f 
the frequency equation co m p licated  at h ig h  frequen­
cies. In  the R a y le ig h —R itz  [8] or R itz  [11]  ap p ro xi­
m ate m ethods, the w eak form s o f the governing equa­
tions are solved b y using approxim ate fun ctio ns. C o n ­
sequently, the frequency spectra obtained from  this 
m ethod are approxim ate. In  order to m atch the 
approxim ate spectra w ith  the exact spectra, several 
adjustm ent factors are in tro d uced  in to  the so lu tio n. 
These ad d itio n a l steps in crease the co m p le xity o f the 
m ethod, and m ay lead  to errors in  the fin a l so lu tio n .
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Chau’s potential function m ethod for transversely iso­
tropic finite-length cylinders [2] is the only exact solu­
tion available. However, in this approach, the form of 
the final solution is assumed a priori, and there is no 
physical explanation for the assumed solution.

Moreover, except for the finite element analysis of 
Gladwell and Vijay [7], the Ritz analysis of Heyliger 
and Jilani [12] for isotropic materials, and the poten­
tial functions m ethod of Chau [2] for transversely iso­
tropic cylinders, all other methods are restricted to 
axisymmetric modes of vibration.

In this paper, an approach is proposed for obtaining 
the axisymmetric and asymmetric frequency equa­
tions of finite-length transversely isotropic cylinders. 
This approach was initially developed by the authors 
for studying the propagation/scattering of elastic 
waves in/from  infinite transversely isotropic cylinders 
[15, 17]. In this paper, this approach is extended to 
finite-length transversely isotropic circular cylinders. 
The proposed approach employs potential functions 
to provide exact frequency equations through a sys­
tematic m ethod using the exact 3D elasticity equa­
tions. The form of the potential functions used is con­
sistent with the physics of the problem which makes 
the proposed approach distinct from other solution 
techniques and introduces a num ber of merits for it. 
Consistency with the physics of the problem, and rel­
ative simplicity due to a systematic solution are two of 
these merits. In addition, this m ethod can easily be 
extended to more complex problems.

2. PROBLEM FORM ULATION

We consider a finite-length transversely isotopic 
circular cylinder. The periphery of the cylinder is trac­
tion-free and its ends are constrained by frictionless 
rigid walls. A cylindrical coordinate system, (r, 0, z), is 
chosen with the z-direction coincident with the axis of 
the cylinder, see Fig. 1.

Wave equations are obtained by combining the 
constitutive equations and equations of m otion for a 
transversely isotopic material [15],

44
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+ c
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Fig. 1. The coordinate system used in the derivation of 
equations.
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(3)

where pc is the cylinder density, t is time, and ur, u0, 
and uz are the displacement components in the r, 0 , 
and z directions, respectively. The five independent 
elastic constants of a transversely isotopic material are 
denoted by cn , c12, c13, c33, and c44.

From  a physical point of view and in the most gen­
eral form, the wave field inside an elastic medium can 
be decomposed into three independent components, 
i.e., one compression (P) and two shear (SH and SV) 
waves [16]. This physical picture is mathematically 
addressed by allocating one scalar potential function 
to each of these three wave components. However, 
according to the second theorem  of Helmholtz, these 
three independent components should be mutually 
orthogonal [16]. That is why the displacement field 
inside a circular cylinder is written in terms of three 
scalar potential functions ф, %, and у  in an orthogonal 
form as follows [17],

U = Уф + V x (%ez) + йУ х У х ( у  ez), (4)

where Уф represents the compression wave and V x 
(Xez) and V x V x (y e z) correspond to SH and SV 
waves, respectively. Moreover, a is the radius o f the 
cylinder and V and V x are the gradient, and curl 
operators, respectively. By substituting Eq. (4) into 
Eqs. (1)—(3), the wave equations are obtained in terms 
of the three potential functions,
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( V2 -  — 2) j cn у 2ф +  (c i3 +  2 C44 -  C11)^  -  pcd- \  
1 dz2  { dz d t

+ a -
dz

(C11 -  C13 -  C44) V  у (5)

+  (c + 2 c c ) c -V  P c -V+ (c 13 +  2 c44 -  c 11) ----- -  -  pc------
dz d f  J

=  0 ,

d_
d z

( ci3 +  2 c44)V 2Ф +  (c33 -  ci3 -  2 c44) ^ 4  -  Pc^ 4
d z d t

+  a l ' i L  -  V 2
d z

2 2
c V 2 +  (c c 2c ) с - У  P с-_Уc44V У  +  (c33 -  c13 -  2c44) ------ -  pc---- -

(6)

dz d t
= 0,x

( V 2 -  е - ^ Г ( c 1 i -  c 1 2 ) V  2 x
1  д Л  2 X

+ c44
( c i 1 -  c i2)) d x

dz2
djx

c 512
=  0.

(7)

The immediate consequence of representing the 
displacement field by three mutually orthogonal terms 
is that the three Eqs. (1)—(3), which are coupled, 
would turn into two coupled equations, i.e. Eqs. (5) 
and (6), and one decoupled equation, i.e. Eq. (7). This 
decoupling allows one to employ the m ethod of sepa­
ration of variables for solving the problem as a relative 
simple and straightforward method [17]. This property 
makes the proposed approach distinct from its prede­
cessors. The forms of the solutions of these equations 
which are used in [17] correspond to propagating 
waves (for infinite cylinders) and are not suitable for 
the current problem which deals with a finite length 
cylinder. The solutions sought for the current problem 
should be in the form of standing waves which could 
form in a finite-length cylinder. Therefore, they 
should be considered as,

да да
ф(r, 0, z , t) = I I  ( BnJn ( S1r ) + q2CnJn ( S2 r ))

m = 0 n = 0

x co s(n 0) co s(n z )e ,mt,

(8)

X (r, 0, z, t)дада
=  I  I  DnJn(S3r ) s in (n 0 )c o s(n z)e ‘at,

m = 0 n = 0

(10 )

where n =  mn/L, m =  1, 2, ..., L is the length for the 
cylinder, m is the mode number in z  direction, ю is the 
circular frequency, and Jn are first type Bessel func­
tions of order n. Moreover, s1, s2, s3, q1 and q2 are con­
stants which depend on the elastic constants of the 
material as well as the frequency and n. The mode 
numbers n =  0 and n =  1 correspond to the axisym- 
metric and first asymmetric vibration modes, respec­
tively. Full expressions of the above mentioned param ­
eters can be found in Appendix A. Substituting 
Eqs. (8)—(10) into Eq. (4) gives exact displacement 
distribution of a vibrating circular cylinder for differ­
ent modes, materials, and boundary conditions.

We consider the vibrations o f a finite cylinder sub­
jected to zero shear traction and zero axial displace­
m ent on end surfaces following [1]. Lusher and Hardy 
[1] found that their measured natural frequencies 
agree better with the theoretical predictions if the 
vibration modes are calculated based on small axial 
displacements on end surfaces. Accordingly, a zero 
displacement end condition was more appropriate on 
modeling their experimental configuration. There­
fore, in our model, we also consider the following 
boundary conditions,

uz =  0, aiz =  0, a z0 =  0, at z  =  0, L (Ц ) 
(lateral boundary conditions)

<jrr =  0, =  0, a r0 =  0, at r =  a (12)
(transverse boundary conditions).

The “transverse” boundary conditions do not appear 
in the frequency equation while the “lateral” bound­
ary conditions enter into the frequency equation 
directly. The physical implication of this difference for 
a cylindrical geometry is that the transverse conditions 
control the “structural” pieces of the solution and 
determine which terms are allowed to contribute in the 
construction of the solution, see Eqs. (8)—(10). M ore­
over, lateral conditions determine what mixture of 
these pieces is required for constructing the frequency 
equation, i.e. Eq. (13).

Exact expanded expressions for the stress and dis­
placement at any point can be derived in terms of 
potential functions. Substituting the potential func­
tions which were introduced in Eqs. (8)—(10) into 
Eq. (12) results in the following system of linear alge­
braic equations,

дада
У ( r, 0, z, t) =  I I  (q1 BnJn(s 1r) +  CnJn(s2r))

m = 0 n = 0 (9)

x co s(n 0 )s in (n z )e
-itot

-  - Гl_

a 11 a 12 a 13 An

a 21 a 22 a 23 Bn

_a 31 a 32 a 33_ Cn_

= 0. (13 )
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Fig. 2. Frequency spectrum of a sapphire rod, for n = 0 and 
m = 1, 2, 3 (m = 1: solid line, m = 2: dashed line, m = 3: 
broken line).

Fig. 3. Frequency spectrum of a sapphire rod, for n = 1 and 
m = 1, 2, 3 (m = 1: solid line, m = 2: dashed line, m = 3: 
broken line).
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Fig. 4. Frequency spectrum of a cobalt rod for n = 0 and 
m = 1, 2, 3 (m = 1: solid line, m = 2: dashed line, m = 3: 
broken line).

Fig. 5. Frequency spectrum of a cobalt rod for n = 1 and 
m = 1, 2, 3 (m = 1: solid line, m = 2: dashed line, m = 3: 
broken line).

The expressions for atj are given in Appendix B. The 
solution to Eq. (13) is nontrivial only if  the determi­
nant of the coefficient matrix vanishes, i.e.,

a 11 a 12 a 13 

a 21 a 22 a 23 

a 31 a 32 a 33

=  0. (14)

Equation (14) is the exact frequency equation for both 
asymmetric and axisymmetric modes. Reduction of 
Eq. (14) to the case of n =  0 gives the frequency equa­
tion for axisymmetric modes,

det ( aij) a 11 a 12 

a 21 a 22
= 0. (15)
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Fig. 6. Displacement field uz inside a sapphire rod for modes (0, 1), (0, 2), (0, 3).

3. N U M ERICA L RESULTS AND DISCUSSIONS

In traditional methods, the natural frequencies of a 
vibrating medium are found by iterative root-finding 
algorithms that extract the zeros of frequency equa­
tions. Since iterative root-finding algorithms are 
prone to numerical errors, an alternative m ethod pro­
posed in [18] is employed for solving the frequency 
equations. In this method, the three-dimensional rep­
resentation of the frequency equation is used for 
obtaining the frequency spectra.

Figures 2—5 show the frequency spectra for sap­
phire rods with the length-to-radius ratio (L /a )  from 
0 to 5. Figures 2 and 3 are plotted for the same sap­
phire rod considered in  [1] and [2]. These spectra are 
in  excellent agreem ent with those given in [1] and 
[2] and confirm  the validity o f the approach devel­
oped in this paper. The frequency spectra for n =  0 
(axisymmetric) and n =  1 (the first asymmetric) 
modes o f a cobalt transversely isotropic cylinder are 
also shown in Figs. 4 and 5, respectively. The physi­
cal param eters o f both sapphire and cobalt can be 
found in table.

Another effective m ethod for examining the cor­
rectness of the solutions of a frequency spectrum is 
examining the mode shape at each point on the modal 
curve of the frequency spectrum. Each curve in the 
frequency spectrum corresponds to a specific mode 
which has its unique mode shape. Figure 6 shows the

Physical parameters

Material
Stiffness x 1011, N/m 2 Density,

c11 c12 c 13 c 33 c 44
kg/m3

Sapphire 4.968 1.636 1.109 4.981 1.474 3986

Cobalt 2.95 1.59 1.11 3.35 0.71 8900

displacement field inside a sapphire rod with length- 
to-radius ratio of 4 for modes (0, 1), (0, 2), (0, 3). As 
shown in Fig. 6, the num ber of nodes and antinodes 
inside the cylinder is controlled by m in the z direction 
and they increase as mode number increases. The light 
and dark areas in Fig. 6 correspond to nodes and anti­
nodes, respectively.

4. CONCLUSIONS

In this paper, a solution m ethod was proposed for 
studying the vibrations of finite-length transversely 
isotropic cylinders. Exact axisymmetric and asymmet­
ric vibrating modes were obtained based on the three­
dimensional theory o f elasticity. To verify the proposed 
approach, the frequency spectra of axisymmetric and 
asymmetric vibration modes o f rods made from sap­
phire and cobalt were calculated. In addition, vibra­
tion mode shapes were plotted for the sapphire rod at 
its resonance frequencies. This approach produces 
num erical results which are in excellent agreement 
with published experimental and theoretical data and 
has a num ber o f advantages compared to earlier 
approaches. Consistency with the physics of the 
problem, exactness, and relative simplicity are 
among these advantages that make this approach a 
useful tool to study the vibrations of transversely iso­
tropic cylinders. Moreover, this physical consistency 
introduced a generic concept and accordingly a 
generic analytical approach that could be used for 
tackling other vibration problems of anisotropic 
structures.
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APPENDIX A in which the eigenvalues are the velocities of vibrating 
Substituting Eqs. (8)—(10) into the governing modes and the eigenvectors are their corresponding 

equations, Eqs. (5)—(7) yields an eigenvalue problem polarization vectors, i.e.,

2 2 2  2 2 2 2 2  
- s (cn s -  (рсш -  (Ci3 + 2cAA)kz)) -aikzs ((cn -  cn -  cAA)s -  (рсш -  (cAAkz)))

2 2 2 2 2 2 2 
ikz((c13 + 2cAA)s -  (Pc® -  c33kz)) as (cAAs -  (Pc® -  (c33 -  c13 -  c44)kz ))

2 2 2 2 
- s ((c11 -  c12)s -  2(Pc® -  cAAkz))

D„
(A.1)

Bn
Cn

To have nontrivial solutions for Eq. (A.1), its determi­
nant should be equal to zero which gives the following 
characteristic equation;

(s2 +  k l )(caacus4 -  %s2 +  Z)

X( (  11 ^ 12̂ )s Pc® +  cAAk2)  =  0 ,
(A.2)

where,

% = (c13 + caa )2 k l  + cn (Pc®2 -  c33kl) 

+ cAA(Pc®2 -  cAAkl ) ,
(A.3)

Z =  (Pc®2 -  c44kl ) (Pc®2 -  c33kl ) * (A.4)

There are three meaningful solutions (eigenvalues), s1, 
s2 and s3, for Eq. (A.2),

s 2 _  % -  2 -  4 c 1 1 caa Z s 1 — , 
2c11cAA

(A.5)

s2 _  % +  -1%2 -  4c1 1 caa Z
s2 — , 

2c11cAA
(A.6)

2̂ 2(Pc®2 -  caakl ) 
c11 -  c12

(A.7)

The coefficients of q1 and q2 which couple the ф and у  
are as follows,

_  (c i i s 1 -  (Pc<a2 -  (c 1 3 +  2 ca a)kl ) ) (A 8 )

aikz((c11 -  c13 -  cAA)s1 -  (Pc®2 -  (cAAk2)))

„ _  aikz(( CU -  c 13 -  caa ) s22 -  (PC Ю 2 -  (CAAkl ))) , д т
q2 _ --------------------- 2---------------2------------------------------2-------------* (A.9)

(c 11 s2 -  (Pc® -  (c 13 + 2 c 44)kz ))

APPENDIX B
Elements of the matrices given in Eqs. (14) and 

(15) are as follows,

а и = [ cn + a nq1(c11-  c13)]

X [(n2 -  n -  s2a2) Jn(S1a ) + (S1 a) Jn +1( s ^ )]

+ [ cn + a nq1( c12-  c13)] (B.1)

x [n Jn(S1 a) -  (S1 a) Jn + 1(S1 a )]

+ ( - c 13П2a2 -  c1 2 + an Пq1(c13 -  c12))J «(s1a) > 

a 12 = [c11q2 + Пa (c 11 -  c13)]

X [(n -  n -  S22a 2) Jn(S2a) + (S2a ) Jn +1 (S2a)]

+ [c12q2 + Пa (c 12 -  c13)] (B.2)

X [n Jn(s2a) -  (s2a)Jn + 1(s2a)]

+ ( -  c m 2 h 2a 2 -  c12 q2n2 + n2 n a ( cn -  cn ))J„ ( S2 a ),

a 13 _ n (cn -  c n )

X [(n -  1) Jn(s3a ) -  (s3a ) Jn +1(s3a )] ,
(B.3)

2 2 2 2
a 21 _ cAA[q1 (s1 a -  n a ) + 2n a ] 

x [nJn(s1 a ) -  (s1 a )Jn +1(s1a )] ,
(B.4)

a n  _  caa[(s2a 2 -  k a 2) +  2 n aq2]

X [nJn(s2a ) -  (s2a ) Jn + 1(s2a )] ,
(B.5)

a 23 _ c44(- n n a ) Jn(s3a ) , (B.6)

a 31 _ n (c 11-  c 12) ( 1 + n a q1)

X [( 1 -  n ) Jn(s1a ) + (s1a ) Jn + 1 (s1a )] ,
(B.7)

a 32 _ n (c 11 -  c 12) ( q2 + n a )

X [ ( 1 - n )Jn(s2a ) + (s2a )Jn +1 (s2a )] ,
(B.8)

a 33 _ ( c ‘ 1 2  c 1!) (B.9)

x { [  s32a 2 -  2n (n -  1 ) ] J B( S3a ) -  2 (S3 a ) Jn +1( S3a ) } .
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