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Abstract— The error in determining the position of the spectral maximum of a signal against Gaussian white 
noise is considered. The sensitivity of the monitoring method based on measuring the frequency shifts of the 
field maximum is estimated. For a specific case of a Gaussian signal’s spectrum and the medium perturbed 
by background internal waves, results of calculations are presented.
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IN TRODU CTIO N

The interference fields of oceanic waveguides con­
tain points at which the field intensity reaches local 
maxima due to the constructive interference of modes 
[1]. The presence of such points sensitive to perturba­
tions of propagation conditions is a characteristic fea­
ture of wave fields in waveguide systems. Determ ina­
tion of the main laws that govern the space-frequency 
or tim e-frequency distributions of local maxima and 
investigation of their dynamics caused by changes in 
the propagation conditions represent an interesting 
problem , which offers qualitatively new possibilities 
for a wide range of applications. One such promising 
area of investigations of the fine space-frequency’s 
interference pattern includes the studies of the inter­
ference invariant [2 -5], which describes the fre­
quency shifts of local field maxima as functions of the 
horizontal source-receiver’s distance. New diagnostic 
possibilities are also offered by the m ethod based on 
measuring the variations that occur in the frequency 
shifts of local interference maxima because of oceanic 
inhomogeneities [6, 7]. The m ethod is founded on the 
m ode dispersion, which leads to frequency shifts of 
the interference pattern  due to the variability o f the 
medium. The fruitfulness of this approach for solv­
ing the inverse problem  (the approach was called 
sweep-monitoring) has been confirm ed by the data 
o f full-scale experiments [8] and com puter sim ula­
tions [9-13].

Considerable attention has been given to systems 
using the concept of phase conjugation [14] for com ­
pensating the effect of the inhomogeneities of the 
medium, as well as the effect of the field localization 
(or focusing) in multimode systems. In this case, the 
focusing is controlled by varying the reference fre­

quency of transmission without changing the inverted 
field’s distribution formed at the aperture in the 
absence of perturbation. The efficiency of the field’s 
focusing control is discussed in [15-18], the possibili­
ties of sweep-monitoring with the use focusing are 
analyzed in [10, 11, and 13], and the application of 
focusing for the reverberation signal’s control is stud­
ied in [19-21].

Thus, determination of the varying frequency posi­
tions of local field maxima is an important problem for 
many areas of investigation in ocean acoustics. The 
problem of the minimal frequency shift of the interfer­
ence pattern that allows resolution of neighboring 
local maxima is considered in deterministic form in
[22] . At the same time, the inevitable presence of noise 
imposes basic limitations on the accuracy of the field 
maximum’s indication and, hence, on the accuracy of 
measuring the frequency shifts of the field maxima. 
Therefore, investigation of the stability of the field 
maximum’s frequency shifts with respect to the noise 
level is a topical problem. Unlike the classical problem 
of estimating the position of a pulse on the time axis
[23] , the present paper estimates the frequency posi­
tion of the spectral maximum of a signal on the back­
ground of noise, which, evidently, requires special 
consideration.

The present paper discusses the error in determin­
ing the position of the spectral maximum and the fre­
quency shift of this maximum because of the perturba­
tion of the medium. This allows estimating the m ini­
mal fluctuation level of the oceanic inhomogeneity’s 
parameters, which can be determined from the data on 
the frequency shifts of the local field’s maxima. The 
results of this study are illustrated by an example of a 
Gaussian signal’s spectrum in application to the 
model of perturbation by background internal waves.
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S T A T E M E N T  O F  T H E  P R O B L E M

A t the in p u t o f the rece iv in g  system , the spectral 
re a liza tio n  £,(ю) is set in  the fo rm  o f the sum  o f the sig ­
n a l and no ise spectra:

£,(ю ) =  s(ю , ю0) +  п( ю ) . (1)

H e re , sf® , ю0) =  sf®  — ю0) is  the frequency spectrum  
o f the sig n a l w ith  its m axim um  at the frequency ю =  
ю0, w here ю =  2 n f  is  the c y c lic  frequency; п(ю) is the 
sp ectral am p litud e o f steady-state w hite noise: 
( п(ю) n* (ю ')) =  А 5 (ю  -  ю ') ,  w here N  is the spectral 
d e n sity ; the a n g u la r b racke ts denote sta tis tic a l aver­
ag ing over an  ensem ble o f ran d o m  re a liz a tio n s. To 
s im p lify  the c a lc u la tio n s, the sp e ctru m  o f the s ig n a l 
is  assum ed to be sym m e tric  about its  m a xim u m : 
sf®  — ю0) =  «(ю 0 — ю ). T h e  frequency ю0 can  be esti­
m ated as in  the case o f determ ining the p o sitio n  o f a 
pulse on the tim e axis [23], nam ely, w ith  the use o f 
m atched processing. T h e  difference is in  that the re a l­
iz a tio n  o f the cro ss-co rre la tio n  fu n ctio n  is  between the 
chosen spectrum  £,(ю) given b y E q . ( 1)  and the spec­
tru m  o f the usefu l sig n al sf® , ю *) =  я(ю — ю *):

/( ю *) =  |£ ,(ю > * (ю , ю * )йю = g^ *) +  gn(ю * ) ,(2 )  

w here

g/ю * )  =  Js(ю , ю0)s* (ю , ю * )йю,

gn(ю *) =  |п ( ю )s*(ю , ю * )й ю .

H e re , ю* is  the varied  frequency corresponding to the 

m axim u m  o f the spectrum  sf® , ю *). T h e  fu n ctio n  

g ^ * )  obtained at the output o f the receiver is  an  auto­

co rre latio n  fu n ctio n  o f the in p u t’s usefu l sig n a l spec­
trum , and it  ca n  be ca lle d  the s ig n a l’s sp ectral fu n c­
tio n . T h e  fu n ctio n  gn^ )  caused b y noise is the cro ss­
co rre latio n  fu n ctio n  between the noise spectrum  and 
the in p u t spectrum  o f the usefu l sig n a l, le t us c a ll it  the 
n o ise ’s spectral fu n ctio n . T h e  sp e cific  fo rm  o f the 
fu n ctio n  gn^ )  due to no ise п(ю ) is  d ifferent for d iffe r­
ent re a lizatio n s ( 1) . I f  we use the F o u rie r transform s

u ( t) = Гu (ю ) exp ( /ю  t) йю,

и (ю ) = ( 1 /2 п ) J u ( t) exp (- i  ю t) dt,

the ratio  o f the m a xim al value o f the s ig n a l’s spectral 
fu n ctio n  to the rm s value o f the n o ise ’s spectral fu n c­
tio n , i.e ., the s ig n a l-to -n o ise  ra tio , w ill be

tim e d o m ain , the device im p lem entin g  alg o rith m  (2) 
can  be ca lle d  the co rre latio n  (m atched) receiver in  the 
frequency do m ain.

I f  no ise is absent, i.e ., п(ю) =  0, the m axim um  o f 
the fu n ctio n  /(ю * ) given b y E q . (2) corresponds to the

m axim um  o f the sp ectral fu n ctio n : ю* =  ю0. In  the 

presence o f no ise, the m axim u m  o f /(ю * ) o ccurs at 

ю* =  ю0 different from  ю0: m ax/(ю * ) =  / ( ю0). Per­

turb atio n o f the m e d iu m  causes a frequency sh ift Дю o f 
the sig n a l spectrum ’s m axim um . A s a result, w hen 
noise is absent, the p o sitio n  o f the sig n al spectrum ’s 
m axim um  w ill be at the frequency ю х =  ю0 +  Дю. In  
the presence o f no ise, the m axim um  o ccurs at the fre­
q uency co1 , so that the frequency sh ift o f the m a x i­

m u m  is  Дю  =  co1 — ю0 . T h e  p rob lem  consists in  
determ ining the statistica l flu ctu atio n s o f the fre­
q uency ю0 =  ю 0 — ю0 and estim ating the se n sitiv ity  o f 
the m o n ito rin g  m ethod based on m easuring the fre­
q uency sh ift Дю  o f the lo c a l fie ld ’s m axim um .

S O L U T IO N  O F  T H E  P R O B L E M  

T h e  m ost p la u sib le  estim ate o f ю0 w ill be such a 

value o f ю* =  ю0 that corresponds to the m axim um  o f 

the cro ss-co rre la tio n  fu n ctio n  /(ю * ). It  should  satisfy 

the equation д /(ю * )/ дю * |ш = ^ =  0. F o r brevity, in

the subsequent ca lcu la tio n s, the p a rtia l derivative is 
denoted as дs(ю , ю * )/д ю *  ^ =  дs(ю , ю0)/д ю *  .

U sin g  E q . (2 ), we obtain

д /( ю 0) rr , . , ч,д я * (ю , ю0) , .  .. .

дю * j дю *

U n d e r the lo w -n o ise  assum ption, we expand the fu n c­
tio n  д s*(ю , ю0)/ дю * in  a T a y lo r series in  powers o f

($0 =  CO0 ю0:

дs *(ю , co0) д s*(ю , ю0) д s * (ю , ю0) ~
+  ------------- :------- («0

дю дю дю

. - (д s *( Ob ю0 -(ю )2 ,
+   ------------- 3-------(® 0) +  .

2 дю *

(5)

In  th is se rie s, we w ill o n ly  re ta in  the lin e a r  term . 
N o te  that the d e rivative  is  д s* (ю , ю0)/д ю *  Ф 0,

q = gsmax (ю0 ) / в п = 'JE /2  П N . (3)

H e re , E  =  J"s2(t)dt =  2 n  J|s(ю , ю0)| * 2йю is the sig n al 

energy. B y  analo gy w ith  co rre latio n  processing in  the

w hereas д s* (ю , ю0)/д ю  =  0. S u b stitu tin g  E q . (5) 
in to  E q . (4) an d  ta k in g  in to  a cco u n t that 

J"s(ю , ю0)[д s *(ю , ю0) / д ю * ]йю =  0, we obtain  the 

fo llo w ing estim ate fo r the va rian ce  o f frequency flu c -
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tuations o f the spectral m a xim u m ’s p o sitio n  ю 0 in  the 
first ap p ro xim atio n:

ctL  =  <(®0 -  ®0)2>

N ids(ю , ю0)

дю^
Аю (6)

г d s*(ю , Ю0) ,
р (ю , ю 0)------------2---------Аю

дю*
+  N

J
д s(ю, ю0)

дю*
Аю

T h is  is  a q uantitative ch aracte ristic o f the erro r in  m ea­
suring the frequency ю0. H e re, the m ath em atical 

expectation is m" =  <co0 -  ю0> =  0. I f  the square o f 

the s ig n a l-to -n o ise  ratio  (3) satisfies the co n d itio n  
q2 >  1 , b y v irtu e  o f the Schw artz—Bunyakow sky in e ­
quality, E q . (6) takes the fo rm

N
2

=
Jl

д s(ю , ю0)

дю
Аю

(7)
C d s  *(ю , ю 0) ,
р (ю , Ю0) -------- -----------------

д ю 2

T h e  second derivative in  the integrand in  E q . (4) ch a r­
acterizes the steepness o f the spectrum  at the p o in t 
ю =  ю0. H e n ce , in  in d ica tin g  the p o sitio n  o f the spec­
tra l m axim um , m atched filte r (2) realizes the m a xim al 
possib le ratio  o f the spectrum  steepness to the n o ise ’s 
sp ectral density. In  estim ating the acce p tab ility  o f in e ­
q u alitie s o f the a > b type, we proceed from  the c rite ­
rio n  that the le ft-h a n d  and rig h t-h a n d  parts d iffe r by 
no m ore than an  order o f m agnitude, i.e ., b y a factor 
o f 10 . In  view  o f no tatio n  fo r the s ig n a l-to -n o ise  ratio  
(3), E q . (7) can  be represented in  the fo rm

2
=

i  Лds(ю , ю0)

дю

'
Аю J | s ^ ,  ю0)| Аю

"0 2
q

Js(ю , ю 0)
д s*(co, ю0) 

дю
Аю

w h ich  is  convenient to use for com parative an alysis o f 
the estim ates obtained fo r the varian ces o f different 
sig n a l spectra in  the case o f id e n tica l s ig n a l-to -n o ise  
ratios. R esu lt (6) can  also be obtained b y the sm a ll- 
param eter m ethod based on the expansion o f cro ss­
co rre latio n  fu n ctio n  (2) in  inverse powers o f the s ig - 
n a l-to -n o is e  ra tio . T h is  ap p ro ach was used to deter­
m in e  the va ria n ce  o f the estim ated tem p o ral p o sitio n  
o f a p u lse  [24]. T h e  present p ap er gives a b rie fe r d er­
iv a tio n , w h ich  allow s a sim p le  and illu stra tiv e  fo rm u ­
la tio n  o f the a p p lic a b ility  co n d itio n  fo r lin e a r expan­
sio n  (5).

F o r th is purpose, we substitute expansion (5) in  
E q . (4) b y re tain in g  the quadratic term  and take into

account the G a u ssia n ’s facto rizatio n  property o f the 
m ean value o f a product [25]. A s a result, fo r estim at-

2
in g the va rian ce  Ст" in  the se co n d -o rd er ap p ro xim a­

tio n , we obtain the quadratic equation

a ct" 0 +  2 b a |0 -  2c = 0, (8)

w here

=  n  J д s *(ю , ю0)

c =  N
Jl

дю*

д s(ю , ю0)

Аю,

дю
Аю,

b = Js(ю , Ю0)
д s * ^ ,  ю0)

Аю
дю

+  n J  д s(co, <ю0)

д ю 2
Аю .

2

2 (9)

T h e  se co n d -o rd er ap p ro xim atio n fo r the va rian ce , 
w h ich  is  determ ined b y the so lu tio n  to E q . (8), asym p­
to tic a lly  tends to the varian ce  estim ate given b y E q . (6) 
w hen the co n d itio n

2
b >  2 ac (10 )

is satisfied . T h is  co n d itio n  can  be considered as the 
c rite rio n  o f a p p lic a b ility  o f the first ap p ro xim atio n.

In  the presence o f h ig h -le v e l no ise, the above 
approach allow s one to obtain h ig h e r-o rd e r ap p ro xi­
m ations fo r estim ating the varian ce  o f the frequency 
p o sitio n  o f the spectral m axim um  and, in  every spe­
c if ic  case, to determ ine the lim its  o f a p p lic a b ility  o f 
the chosen ap p ro xim atio n  (w h ich  is very im p ortant). 
T h e  draw back o f the given m ethod consists in  that, as 
the num ber o f term s in  expansion (5) increases, c a lc u -

2
la tio n  o f the va rian ce  Ст" becom es rather d iffic u lt."0
T h e  approach is  effective if  the expansion is restricted 
to the fo u rth -o rd e r term  (the fo urth derivative), sin ce  
the in c lu s io n  o f h ig h e r-o rd e r appro xim atio ns requires 
a p p lica tio n  o f n u m e rica l m ethods for so lving the alge­
b ra ic equations.

In  the general case, h ig h e r-o rd e r ap proxim ations 
presum ably lead to am b ig u ity o f the varian ce  estim ate

2
CT"o; in  other w ords, to am b ig u ity in  in d ica tin g  the

p o sitio n  o f the m axim um  o f cro ss-co rre la tio n  fu n c­
tio n  (2 ). P h ysica lly , th is m eans the presence o f several 
peaks in  th is fu n ctio n , one o f the peaks being true and 
the other peaks being false. T h e  am b ig u ity in  deter­
m in in g  the p o sitio n  o f the m axim um  is e lim in ate d  by 
in creasin g  the s ig n a l-to -n o ise  ratio . The re fo re, in  
m ost o f the p h ysica l ap p licatio n s, it  is  su ffic ie n t to 
co nsid er the first ap p ro xim atio n.
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Assuming that, at a small frequency shift Дю caused 
by an inhomogeneity, the form of the signal spectrum 
is retained (this assumption is quite permissible), we 
can estimate the m ean square fluctuation of Дю , i.e.,

((Д ю )* 1 2) =  ((Дю -  Дю)2) , as
2

GAo>
2 2 ,  2 

G a +  G a ~  2 G a ,a0 a0’ (11)

so that the variance of the frequency shift does not
2

depend on its value. Here, g^ is the estimate of the

fluctuation variance for the frequency co1 correspond­
ing to the spectral maximum.

The threshold sensitivity of sweep-monitoring is 
understood as such a frequency shift Дю* of the local 
maximum that is identical to the rms value (standard 
fluctuation) of Дю , i.e., Дю* =  gAcS . Hence, accord­
ing to Eq. (11), in the first approximation of dispersion 
estimate (6), the limiting resolution of neighboring 
maxima is

(Д ю * )

2 N ids(ю, ю0)
дю^

йю (12)

г d s * (ю , юо) ,
р (ю , юо) ------------- 2-------йю
1 дю*

+ N
1

d s(ю, ю0)

дю (
йю

Thus, the measured frequency shift Дю should be suf­
ficiently large to provide the excess over the threshold: 
Дю > уДю*, Y -  1. The value of the coefficient у is cho­
sen to provide the most accurate measurement of the 
field maximum’s frequency shifts. The oceanic inho­
mogeneity’s model being known, Eq. (12) allows one to 
estimate the error in the perturbation parameters deter­
mined from the data on the frequency shifts of interfer­
ence maxima, i.e., from solving the inverse problem.

APPLICATION OF TH E RESULTS 
Let us consider a Gaussian spectrum

s(ю, ю0) = A exp - ( ю - ю 0)

2p2

2“|
(13)

for which it is possible to obtain the results in analyti­
cal form. Here, A is the spectrum amplitude and p  =
5v/ 2 72 , where 5v is the spectrum width at a level of 
1/e of the spectrum maximum. The latter quantity 
characterizes the steepness of the spectrum at the point

2 2 2
ю =  ю0: а(ю0, ю0) /  [d s ^ 0, ю0)/дю  ] =  (5v) /8  . By 
virtue of Eq. (3), the square of the signal-to-noise ratio is

2 _ 1 [kA28v 
q = 2 ^ 2  N  '

Substituting Eq. (13) in Eq. (12), we estimate the 
threshold sensitivity of the method. As a result, we 
obtain

( W  = 2 ( g ) 2(  1 + -3). (14)

If q2 >  3, i.e., q > 5.5, Eq. (14) takes the form

Дю* = . (15)
72  q

Thus, at a given signal-to-noise ratio, an increase in 
the spectrum width reduces the sensitivity of the 
method. According to Eqs. (9) and (10), estimate (14) 
of the threshold frequency’s shift is valid under the 
condition that

4 2 2
q [ 1 + (3/ q )] >  30, i.e., q > 3.8,

whereas estimate (15) of the threshold frequency’s 
shift is valid when

q4 >  30, i.e., q > 4.2.
One can see that the first approximation of the thresh­
old sensitivity is justified under the condition that the 
signal-to-noise ratio exceeds several units.

For illustration, let us estimate of the sensitivity of 
the m ethod by considering the propagation conditions 
and the model reconstruction of the frequency spec­
trum  of internal waves with the use of field focusing by 
the conjugate wave’s front [10]. For modeling, we use 
the focusing frequency f 0 =  230 Hz and the width of 
the focal spot 5v/2tc ~ 16.5 Hz. Assuming that the sig- 
nal-to-noise ratio is q =  5 (14.0 dB), for the threshold 
frequency’s shift given by Eq. (14), we obtain Д/ * ~ 
2.4 Hz. The frequency shift Af  caused by the dis­
placements of liquid layers Д^(г0) at the depth z0 is 
Д  =  K-1(f 0, Zо)AZ(Zо). For the depth Z0 =  60 m, the 
coefficient is к  ~ 0.053 m /H z. The sound velocity’s 
increments Дс^ 0) are related to the frequency shift Af
by the formula Дс^ 0) =  -K (f 0, z0) [dc(z0)/ d z^ f ,
where C (z ) is the unperturbed sound’s velocity profile 
[22]. Hence, the threshold’s oscillation amplitude is 
Д^ш ~ 0.13 m  and the threshold’s sound velocity is 
Дс*  ~ 0.027 m /s. Evidently, an increase in the signal- 
to-noise ratio raises the sensitivity of the method.

CONCLUSIONS
For Gaussian white noise, the fluctuation variance 

of the frequency corresponding to the spectral maxi­
m um  of a signal is estimated in the first approxima­
tion. The condition under which this approximation 
should be sufficient is discussed. The approach allow­
ing calculation of the variance with the use of higher 
approximations is demonstrated. The threshold sensi­
tivity of the monitoring m ethod based on the data on 
frequency shifts of the local field’s maximum is esti­
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mated. The results of the study are illustrated by con­
sidering the perturbation of the m edium  by back­
ground internal waves as an example.
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