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A b s t ra c t— On the basis of the generalized variational principle for dissipative continuum mechanics, a sys­
tem of generalized Biot’s equations is derived to describe the wave propagation in a two-phase porous perme­
able medium in the presence of shear relaxation in the pore-filling fluid. It was shown that the inclusion of 
shear viscoelasticity of the fluid leads to the appearance of two transverse modes in addition to two longitudi­
nal modes described by the Biot theory. One of the transverse modes is an acoustic mode, whereas the other 
is a diffusion mode characterized by the linear frequency dependence of phase velocity and attenuation coef­
ficient in the low-frequency region.
D O I :  10.1134/S1063771010040147

INTRODUCTIONToday, heavy oil is an object of special interest for the oil industry. Heavy oil deposits exhibit a rheologi­cal oil behavior, so that a correct description of the rheological properties of heavy oil in a porous medium is important for optimizing the methods of deposit exploitation. The propagation of waves in porous per­meable media is described by the Biot theory [1, 2]. Its various aspects have been considered in numerous publications (see, e.g., [3—5] and the literature cited there). The Biot theory is based on the conventional variational principle for nondissipative mechanical systems. The fluid filling the pores of the skeleton is considered as an ideal fluid. This description does not take into account the rheological properties of actual heavy oil, and, therefore, attempts were made to mod­ify the original Biot theory. For example, in the last few years, publications appeared wherein viscosity relax­ation was taken into account by generalizing the Biot operator for the dissipative function [6, 7]. However, this approach is not completely adequate, because it ignores the additional degree of freedom related to shear elasticity of the viscous fluid. This degree of free­dom could not be introduced in the conventional vari­ational principle for nondissipative mechanics, which lies at the heart of the Biot theory [1, 2]. Still, the nec­essary generalizations can be obtained with the use of the generalized variational principle for dissipative mechanical systems.In my previous publications [8—11], the general­ized variational principle for dissipative continuum mechanics was formulated as a simple combination of the Hamilton and Onsager variational principles. The generalized principle allows the derivation of the sys­tem of equations for dissipative hydrodynamics. The

generalized variational principle can be formulated in terms of the mechanical and temperature displace­ment fields on the basis of the Lagrangian given in the form [8—11]
t

L  = K  -  F  -  JD d t,

0where K  and F are the kinetic and free energies and 
D  is the dissipative function.In the present paper, the proposed generalized vari­ational principle is used, firstly, for introduction of shear viscosity in the equations of motion of single­phase hydrodynamics and, secondly, to generalize the Biot equations for a two-phase porous permeable medium. Such a generalization is necessary for describ­ing the behavior of heavy oil in a porous medium, becouse heavy oils demonstrate elastic properties at high frequencies.
1. THE INCLUSION OF SHEAR RELAXATION FOR A SINGLE-PHASE FLUIDIn the previous publications [8—11], it was shown that, by introducing additional internal parameters in the generalized principle by analogy with the Man- delshtam—Leontovich approach [12], it is possible to introduce the bulk viscosity in the equation of motion of the fluid and even to describe its relaxation.It is of interest to consider how the shear viscosity is introduced in the equation of motion. In this con­nection, it should be noted that the additional terms that appear in the quadratic forms for free energy and dissipative function and are related to a certain inter­nal parameter imply its that its nature is scalar
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494 MAXIMOV

nature. However, such an  in ternal param eter can  also 
possess vector and tensor properties. In  the last case 
the additional term s, related to a tensor in ternal 
param eter %ik, appear in  the expression for the free 
energy and  it has the form

2 F(V u, %,k ) = 2 psjk + Хв« + a  %],

+ a2 %i k  + 2 b1 %k k Bl l  + 2 b2 %i k Bk i •

T he kinetic energy is given by the conventional expres­
sion

2 K (U) = po u2, ( 1 .2 )

and the dissipative function in  the absence o f the tem ­
perature com ponent can  be represented as

Convolving the kinetic equation by indices, we 
obtain a separate kinetic equation for the spherical 
part o f the in ternal param eter tensor %,,:

4 d- %  + ~a %,, + b e„ = 0 , ( 1 .6 )
dt

w here the coefficients m arked w ith  tilde have the form  

Y = 3 y1 + y2, a = 3 a 1 + a 2, b = 3b1 + b2.

T he solution to  kinetic equation (1.6) is expressed by 
the form ula

b t -a(t—о
%,, = —b f e Y s,,(t ') d t (1.7)

Y J
—да

• • 2 *2
2 D  (% ij) = Y %  + Y2% ik. (1.3)

In  the above expressions, u is the field o f the m ean 
mass displacem ents o f the m edium , sik =1 f d u  + dUk
2 ( d xk d x r

is the strain tensor, p 0 is the density o f

the m edium , and X and p are its Lam e constants.
In  this description, the viscous fluid is initially co n ­

sidered as an  elastic m edium . T he tem perature dis­
p lacem ent field, w hich is part o f  the generalized vari­
ational principle [8—11 ], is om itted for simplicity.

T he system  o f equations o f m otion  is obtained on 
the basis o f the generalized principle by varying the 
action  w ith  the Lagrangian given above. In  the case 
u nder consideration, this system  can  be represented in  
the form

For the rem aining com ponents o f the in ternal p aram ­
eter tensor %ik, we also obtain a kinetic equation o f 
form  ( 1 .6 ), w ith  the only difference being tha t the 
solution to  kinetic equation (1.7) is added to  the in h o ­
m ogeneous terms:

7 2 ^  + a2%ik + b2s ik + ~b 1 îk%ll + b 18iks « = 0  (L8)dt

where

a 1 = f a 1 —a l 1 j, b 1 = ( ^ —bYb J .

Again, the solution to Eq. (1.8) has the a form  analo­
gous to Eq. (1.7) w ith  allowance for the additional
contributions o f the term s w ith  the factors a 1 and b 1 . 
This solution is as follows:

d d K  — V dF_ = dD  
d t dU dV u 5 i i ’

dD dF

d U  d %ik

In  view o f Eqs. (1.1)—(1.3), the explicit form  o f the 
equations is as follows:

p 0—U — pAu — (X + p)graddiv( u ) 
dt

— b 1grad%,, — b ^ ^  = 0 ,
d Xk

(1.4)
d%ll d%ik

h§ ik-T 7  + У2—77  + a 1&ik%ll + a2%ik ...d t d t (1.5)

+ b 15 ;kdivu + b2 s ;k = 0 .

Here, the first equation is the equation o f m otion, in 
which, for simplicity, the tensor notation is left for the 
vector that is obtained by taking the divergence o f the 
tensor internal parameter. The second equation is the 
kinetic equation for the tensor internal param eter %ik.

%ik = — -  f d t
Y2 J

—2 (t — t ')
Y2

L „ —8Л ( 1 —( ( b2 (bY2 — a2b) 7
b ( a 1Y — a Y1)— 5;k -------= -7 I d t e ■ в,,.
Y( a Y2 — a 2 b )

J  dt' e
- ( t  — П

e

—да

—да

(1.9)

Taking the divergence o f tensor (1.9), we obtain the 
vector

d%_
dXk

ik
Y2

J  d t  t
— 2 ( t — t ' )

Y2

1 (Au + V (V  u )) — V (V u ) f  1 — b -^ 2 fl2I ) )] )
2 (  b2 ( bY2 — a 2Y) 77(1.10)

V q - Y - V )  f d t ‘ e  b
Y( a  Y2 — a 2Y)

( t — t ')

J d te  y V (V u ).

да
X

—да
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Substituting Eqs. (1.10) and (1.7) in  the first o f 
Eqs. (1.4), we represent the la tter as

p 0—ii -  pA u -  (k  + p )V (V u)

= 4  Vb1 -  t 2(u - a U
YV ( a Y2 -  a 2Y>

‘ -=(t- о
Г d t  e 1 V (V  u )

-да
,2 t —2(t - 1 ')

■ — |" dt'e 72
Y2 j

X (Au + V (V u )) -  V (V u)l 1 b (fliY2 - a 2Yi)Y) 
,2  (a Y2 -  A2Y)

In  the low - frequency lim it, a t a tim e exceeding the 
relaxation tim e, i.e., t >  a / a  and t >  y2/ a 2, the m ain  
contribu tion  to the integrals is m ade by the vicinity o f 
the upper lim it t ' ~ t. Therefore, applying the corre­
sponding expansions, we obtain an  equation analo­
gous to the N avier—Stokes equation w ith  the shear 
and bulk viscosities:

p 0—u -  pAu -  (k  + p )graddiv(u )
d t ( 1 .11 )

= П A u + b graddivu,

w here the  effective elastic m oduli and  the  shear and 
bulk  viscosity coefficients are expressed by the  fo r­
m ulas

b = P -  z— ,
2 a 2

k = k  + -  ai b, -  , 2
( a 1Y -  a Y1)'

2 a 2 aa

a + П Y ̂  l b 1 -  b2
3 a

(a Y2 -  a 2Y) 

( a 1Y -  a Y1)
( a Y2 -  a 2Y

-  Y b -( ba  -  a C f^ a iY i::^ ^  
^ 2 V 2 ( a Y2 -  a 2a )Y ’

( 1 .12 )

(1.13)

2

2

a 1 b 2 
П = 2 Y2_2 •

It is im portan t to no te that the structure o f the 
effective shear m odulus p involved in  Eq. (1.12) is 
determ ined by the difference tha t can  be zero. In  the 
la tter case, Eq. (1.11) becom es fully equivalent to the 
linearized N avier—Stokes equation for viscous fluids. 
For a  > 0, we obtain the case o f an  elastic body w ith 
shear viscosity (the Voigt m odel) or w ith  relaxation in  
a m ore general case. Thus, in  term s o f a unite

approach, it is possible to describe viscous fluids and 
solid bodies w ith  viscoelastic properties.

2. T H E  BIOT EQUATIONS 
O N  T H E  BASIS O F  T H E  G E N E R A L IZ E D  

VARIATIONAL P R IN C IP L E

Now, let us consider the derivation o f the system  o f 
m otion  equation for a tw o-phase porous perm eable 
m edium  on  the basis o f the generalized variational 
principle. T he tem perature field com ponent is ignored 
by the Biot approach, and, therefore, the system  co n ­
sidered below is assum ed to  be at a constan t tem pera­
ture. In  term s o f the Biot approach, a porous perm e­
able m edium  is represented by two m utually  pene tra t­
ing continua describing the displacem ent fields o f the 
porous elastic skeleton u1 and the fluid u2. According 
to Biot [1], the kinetic energy o f such a system  is a pos­
itive definite quadratic form  o f velocities o f these 
fields:

2 K ( u) = p u li2 + 2 P 12111112 + P22 u2 • (2.1)

T he free energy o f the fluid w ithout inclusion o f 
in ternal param eters is also represented by positively 
determ ined quadratic form:

2 F (V  u„ Vu2) = 2 P 11 s 2fc + k n г],

+ k 22 (V u2 )2 + 2 k 12 S,,Vu2, 

w here &ik is the strain tensor o f  the elastic m edium .
T he dissipative function also is a positive definite 

quadratic form , w hich should be zero in  the absence o f 
relative m otion  o f the fluid and the porous m edium :

2D (u„ ^ ) = p ( ^  ^ ) 2. (2.3)

T he equations o f m otion  obtained on  the basis o f 
the variational principle in  the presence o f two dis­
placem ent fields, u1 and u2, are represented as

d  dJK V = t-D
d t d u 1 5 V u 1 d iu1

d d K V d F  = dD
dtd  u2 5Vu2 5й2

W ith allowance for potentials (2.1)—(2.3), they take 
the form

d  . d  . .
p 11T.u1 + p 12T .u2 -  p 11Au1d t d t

-  ( k 11 + p n )graddivu1 -  k 12graddivu2 =
(2.4)

P( u 1 -  ^ ),

d  .
p 22T.u 2 + pdt 12

d  . 
—uid t 1 k 22 graddiv u2

(2.5)
-  k 12 graddiv u1 = - p (  u2 -  iu1).

One can  see tha t Eqs. (2.4) and (2.5) are a com plete 
analog o f the well-known Biot equations. This allows
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us to determ ine all the coefficients appearing in  the 
quadratic forms by the com parison w ith these equa­
tions. Indeed, Eqs. (2.4) and (2.5) can  be represented 
in  thea form  th a t is conventional for the Biot theory:

p 11 u1 + p 12u2 + b (u1 -  u2) (2 .4b)
= P graddiv(u1) + Qgraddiv(u2) -  p 11curlcurl(u1) ,

P22U2 + p 12u1 + b( u2 -  u1)
(2.5b)

= Rgraddiv( u2) + Qgraddiv( u1) ,

w here

P  = Xn + 2^ 11, Q = ^ 12, R  = ^ 22, b = P ■ (2 .6)

Therefore, relations known from  the Biot theory 
[5] can  be used for the aforem entioned quantities:

3. G E N E R A L IZ A T IO N  O F  T H E  BIOT 
EQUATIONS W ITH  ALLOW ANCE 

FO R  SH EA R  RELAXATION O F  T H E  F L U ID
G eneralization o f the Biot equations w ith allow­

ance for the relaxation characteristics o f the fluid fill­
ing the pores is possible w ith  the use o f the approach 
described in  the first section o f  this paper. Again, for 
sim plicity and for direct com parison w ith the Biot th e ­
ory, let us consider the m edium  at a constant tem per­
ature. W hen fluid relaxation is taken into account, the 
kinetic energy retains its form  (2 .1), whereas add i­
tional term s appear in  the expression for the free 
energy due to in troduction  o f the internal param eter 
for the fluid. As it was m entioned above, w hen taking 
into accoun t shear relaxation, the fluid should initially 
be considered as an  elastic m edium . In  view o f this 
rem ark, let us represent the free energy in  the general 
quadratic form

P 11 = ( 1 -  m ) P, + (a  -  1)m Pp 2F (V u b V u2, i k )

P 12 = P21 = - ( a -  1 )m pf , 2 F 11 ( 4 )2 + Xn ( e|i)2 + 2 h 22 ( 4 )2 + X
2 2  

22 ( г п)

P22 = am pp

b = -m 2q /  k , (2.7)

P  = X + 2p -  2 p M m  + m 2M ,

Q = M m (p  -  m ),

R  = m2 M,

w here Pf and p5 are the densities o f the fluid and the 
elastic skeleton, m  is the porosity o f the skeleton, n  is 
the viscosity o f the fluid, k  is the perm eability coeffi­
cient, X and p are the Lam e constants o f the elastic

skeleton, M  =  p c  is the elastic m odulus o f the fluid, 
and Cf  is its sound velocity. T he m ean  density o f the 
m edium  is given by the expression

p = (1  -  m )p , + m pf,

and, for the dim ensionless coefficient responsible for 
the a ttached mass effect, the approxim ate form ula can 
be used [5]:

a

A ccording to [1], the system  o f equations (2.4), 
(2.5) allows the existence o f th ree independent m odes 
o f m otion: two longitudinal waves and one transverse 
wave. Specifically, the transverse wave and one o f the 
longitudinal waves are acoustic m odes in  the low -fre­
quency lim it, whereas the o ther longitudinal wave is a 
diffusion m ode in  the low -frequency limit.

+ 2 FuUtejk + 2 X12eHekk (3 .1)

+ a 1^H + a 2^jk + 2 b 1 %kk4

+ 2 b2^ikski + 2 C1 ̂ kkGl + 2 c 2 ̂ ikUr
1 2Here, s ik and s ik are the strain tensors o f the elastic 

skeleton and the fluid and i ik is the tensor in ternal 
parameter. T he dissipative function includes the term s 
due to bo th  dissipation inside the viscous fluid and re l­
ative m otion  o f the phases. It should be zero in  the 
state o f therm odynam ic equilibrium , w hen internal 
m acroscopic m otions and relaxation processes are 
absent:

2D (u b u * 4 ik) = P ( -  ii2)2 + n + Y21! k  (3.2)

It can be seen that, w hen the coefficients X12, p 12, p, and 
p12 responsible for the interaction between the phases 
are zero, the reduced potentials separately describe the 
elastic m edium  and the viscous fluid w ith relaxation.

It is im portan t to take into accoun t shear relaxation 
in  the in teraction  o f the phases. Therefore, below, to 
simplify the formulas, we retain  the term s containing 
the param eter i ik and no t its convolution i ll by setting 
a 1 =  0, bl =  0, c1 =  0, and =  0. For such a system, the 
equations o f m otion  have the form

d d K  _  V _dF_ = dD  
d td u 1 5V u1 d u^

d d K  -  V J M _  = dD  
dtdu.2 dV u2 5 ii2’

dD  -  dF_ = 0 

d i-k d ^ik

ACOUSTICAL PHYSICS Vol. 56 No. 4 2010



GENERALIZATION OF BIOT’S EQUATIONS 497

Substituting potentials (2.1), (3.1), and (3.2) in  these 
equations, we obtain

p 11 U1 + p 12U2 -  E llАU1 -  e 12AU2

-  ( ^ 11 + E ll)V (V Ui ) -  (Xi2 + E12)V (V U2) (3.3)

case w herein the fluid in  the pores is a relaxing 
m edium .

Let us consider the consequences o f this generali­
zation. It is possible to split the displacem ent fields u1 
and u2 into longitudinal and transverse com ponents:

= - p (  U1 -  U2) +
Sxk

p 22U2 + p 12U1 -  E22A u 2 -  E12A u 1

-  (^ 22 + E22)V(VU 2) -  (^ 12 + E12)V (VU 1)

u 1 = grad ф1 + c u r l^ 1, u2 = grad ф2 + curl y 2.

Then, we sequentially apply the operators div and curl 
to Eqs. (3.3b) and (3.4b) and, changing to the fre­
quency representation (t — ► ю), we show tha t the sca­
lar and vector displacem ent potentials satisfy to  the 

(3 .4) following system o f equations:

= - P ( U2 U1) + b
d_^
''d Xk

ik 2
C2

i юу2 + a
АФ1

Y2 % ik + a2 %ik + b2^ik + = 0 . (3 .5)

As it was shown earlier, in  the absence o f elastic 
relaxation in  the fluid b2 =  0  and in  the elastic skeleton 
c2 =  0, Eqs. (3.3) and (3.4) represent an  analog o f the 
w ell-known Biot equations for two elastic continua. If, 
in  addition, we set E22 =  0 and E12 =  0, we obtain the 
system  o f Biot equations for a porous m edium  filled 
w ith  a nonviscous fluid. As it was shown above, this 
allows us to determ ine all the rem aining coefficients 
appearing in  the quadratic forms by the direct com par­
ison o f the equations.

E quation (3.5) is analogous to Eq. (1.6), and its 
solution has the form

+ f ^12 + 2 E12 -  . b - C2 W 2 v iЮУ2 + a /

-  (ю 2ри  + i ю р )ф 1 -  (ю 2 P 12 + i ю р)ф 2 ,

(*•12 + 2 E12 -  - blCl 1 Аф1 
(  i ЮУ2 + a 2

(  b2 л
+ (*22  + 2 e 22 -  ■:---- 2------1 А ф 2

(  i ЮУ2 + a 2

(3.5a)

(3.5b)

-  (ю 2P 12 -  гю р)ф 1 -  (ю 2P22 + /ю р)ф 2,

%ik
.  t  — 2 (t -  0

— f e Ъ (b262k(t ) + C2s 1k(t ) )dt '.
Y2 J

CO

Substitu ting this so lu tion  on  the  rig h t-h an d  sides o f 
Eqs. (3.3) and  (3.4), we represen t the  la tte r  equa­
tions as

p 11U1 + p 12U2 -  e 11AU1 -  e 12AU2 

(*11 + E11 )V (V U 1) -  (A.12 + E 12)V(VU2)

p (II1 -  U2) + i - 2 f d t
2 Y2 J

— ■ ( t  -  f )ъ (3.3b)

X ( M2(AU2 + V (V  U2)) + C2(AU1 + V (V  U1)))  ,

p 22U2 + p 12U1 -  e 22 A u 2 -  E 12 A u 1 

-  ( *22 + e 22)V(VU 2) -  ( *12 + e 12)V(VU 1)

e

CO

t
p ( 112-  ii1) + 1 b -2 Гdt'

2 b2 J

— 2 ( t  - 1 ')
Y 2

(3.4b)

- д а

X (b2(AU2 + V(VU2)) + C2(AU1 + V(VU1))).

Thus, the system  o f equations (3.3b), (3.4b) is a 
generalization o f the system  o f Biot equations to  the

1 c
E11 - - 7

+ ( E 12 -

2 1юь2 + a 

1 b2C2

2 i юь2 + a

curlcurl^ 1 

А V2 (3.6a)

= ( ю2Р и + iю р )У 1 + (ю 2P 12 -  iю р )^ 2 ,

2

1 b2C2 
2 1юь2 + a

curlcurl^ 1

+ E 22 - b2
2 1юь2 + a

curlcurl y 2 (3.6b)

= (ю 2 P 12 -  i ю р) У 1 + (ю 2 P22 + i ю р) ̂ 2.

Thus, the com plete system  o f equations is split 
onto two independent subsystems for the longitudinal 
and vector potentials, w hich describe the propagation 
o f longitudinal and transverse waves, respectively.

If, in  the field space, we in troduce the vectors

У Л У л
ф = ф 1 , V = V 1

(  ф2 1 (  V2 1
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the system  o f equations (3.5), (3.6) can  be represented 
in  the form  o f two independent m atrix  equations,

A Дф + B ф = 0, Ccurlcurlф  -  B y  = 0, (3.8)

w here the m atrices A  , B , and C have the forms

(  \  

A11 + 2 P 11 -
A  = i ®Y2 + a2

A + 2 и Ь2С2A 12 + 2 и 12 -  T"

1 + 2и Ь2 C2A12 + 2 h 12 -  T"
i®Y2 + a 2

i ®Y2 + a 2
A22 + 2 h 22 -  T"

BB =
2 2  ю p 11 + iюр ю p 12 -  imp

^ ю2 P 12 -  imp ю2 P22 + i ю р ;

imY2 + a2

\

CB =

\
и 11

и 12-

- (-2
2 mY2 + a2

1 b2C2
2 mY2 + a2

и 12
1 b2C2

и 22 -  1 -1

2 i rnY2 + a 2 
1 2

2 irnY2 + a 2 ;

ДВ 1, 2 + K 11, 2(ю )В 1, 2 = 0 , (3.9)

w here the squares o f the wave num bers are given by the 
expressions

— 2 ( ю) = ( ю2p 1 1 + /со [3 ) + a  1 , 2( ю 2 p 1 2 -  1ю [3 ) ( 3 10)

A11 + a 1; 2 A12

and the following notations are in troduced for brevity:

A11 = An + 2 Ип -  7

A 12 = A, 12 + 2 и 12 -

mY2 + a2 

b2 (2
irnY2 + a2

A22 = A22 + 2 И22 -  7
^ 2  + a2

T he param eter a x, 2 is the roo t o f the quadratic equa­
tion

A a  + B  a  + C = 0, (3.11)

in w hich the coefficients are determ ined as

A  = A  22 + A 12 + ( A 22P 12 -  A 12P 22) ,

B  = A 11 -  A 22

+ ^  ( A 22P 11 + A 12P 12 -  A 11P 12 -  A 12P 22)  ,

C = -  ( A 12 + A 11)  + -e - ( A 12P 11 -  A n P 12) .

In  the low -frequency approxim ation, the first 
term s in  expansions o f the roots o f Eq. (3.11) by fre­
quency have the form

,  A 11 + A 12
a 1 = 1 , a 2 = - г-1-— h -2 .

A  22 + A 12

T he corresponding wave num bers are expressed as

- 1(ю) = ° (P11 + P12)

F rom  the sim ilar structure o f Eqs. (3.8) or (3.6) at 
(3.7), one can  see that, in  the presence ofviscoelastic- 
ity o f the fluid (as in  the Biot theory), two transverse 
m odes can  exist in  addition  to two longitudinal modes.

Indeed, each o f the m atrix equations (3.8) can  be 
diagonalized by linear transform ation o f variables. By 
introducing a linear com bination o f the form  В =  фх + 
бф2, it is possible to  separate the first equation o f 
Eqs. (3.8) into two independent H elm holtz equations:

К12 (ю) = i юр

A11 + A12

A11 -i- 2 A12 + A 22 

A11A22 -  A12

(3.12)

(3.13)

F rom  these expressions, it follows that, in  the low -fre­
quency approxim ation, the first m ode w ith wave n u m ­
ber (3.12) is an  acoustic m ode, whereas the second 
m ode is a diffusion one. A  sim ilar behavior o f longitu­
dinal m odes is predicted by the Biot theory.

Now, let us determ ine the m odes o f transverse 
waves being the splitting result o f  the second o f 
Eqs. (3.8). Introducing the linear com bination q =  
ф 1 +  т ф 2 , we separate Eq. (3.8) in  two independent 
H elm holtz equations,

curlcurlq, 2 -  K sx 2(ю )q, 2 = 0 , (3.14)

w here the squares o f the wave num bers are given by the 
form ula

К^2 2(ю) = ( °!2p  ■' '+ + a  -  2 2P~-12 ~ -̂вР’) (3.15)
и 11 + a 1, 2 и 12

and the param eter a ^  2 is the roo t o f quadratic equa­
tion  (3.11) w ith  the coefficients

A  = И22 + Ё 12 + тт (И22 P 12 - E 12P22),
P

B = и 11 -  E22 + 7Г ( E22P 11 + и 12P 12 -  H11P 12 -  и 12P22) ,
P

C = -  ( Ё12 + Ё11) + J  ( и 12 P 11 -  H11P 12 ) .

2

2
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Here,

l~n b n  -  - 7
1
2 i ®Y2 + a 2

2
~ 1 ^2C2 ~~12 = b 12 - -7----------- , l~22 = b22 -2 m j2  + ^2

2 (3.16)
-__A_
2 i ®Y2 + a2

In  the low -frequency approxim ation (as long as 
~ 12 and |~22 rem ain  finite a t low frequencies), the first 
term s in  the expansions o f the roots o f Eq. (3.11) by 
the frequency have the forms

a 1 = 1 , a 2 = - ~-i i± - ~--2
~22 + ~12

T he corresponding wave num bers are 

Ks1 (ш) = ^ (p11 + p12)

K s2 (ш) = г'шр

~11 + ~12 

Ь 11 + 2 ~.12+~ 122 

~ 11~22 -  ~12

(3.17)

(3.18)

Expressions (3.17) and (3.18) for the wave num bers 
o f the transverse m odes have the forms sim ilar to that 
o f  the wave num bers oflongitud inal waves (Eqs. (3.12) 
and (3.13)), and, in  the general case, the transverse 
m odes should be expected to  have the properties sim ­
ilar to those o f longitudinal m odes. Specifically, a t low 
frequencies, one o f the longitudinal m odes (m ode 
(3.17)) should be an  acoustic m ode, whereas the o ther 
(m ode (3.18)) should be a diffusion mode.

However, it should be rem em bered that, w hen 
describing the viscous fluid, we considered it as an  
elastic m edium  w ith  relaxation. To obtain a viscous 
fluid from  an  elastic body, it is necessary to  set

b2 b2c2
b 22 = 7— , b 12 = -Г -  

2#2  2 a 2
(3.19)

In  this case, the acoustic m ode (3.17) rem ains 
acoustic while the behavior o f the diffusion m ode is 
qualitatively different. Indeed, in  the low -frequency 
lim it, u nder conditions (3.19), we have

~ 1 . ( b
~22 = 2  гш72^аа

~ 1 . b2C2~12 = -  ̂ 7 2 - 7 -  , 2 2

~ 1 c2 1 . ( b2] 2
~11 = b 11 - - -  + - 1шУ2[ - j  ■ 

2 a2 2 ^a /

Then, for the wave num ber given by Eq. (3.17), we 
obtain the expression

Ks? (ш) = Ш̂ 11 + p12)

11
,1c -
2 -£ Л ~

(3.17b)

and, instead o f Eq. (3.18), we obtain

Ks2 ( ш ) = в  + 2
Y2 V b / 2

гш

11
1
2 a /  b2 + c2

x f p  + - p -2 ( p
V Y2 V

1 c22

2 a /  b2 (b2 + C2

(3.18b)
2

F rom  Eq. (3.18b), it formally follows tha t the second 
transverse m ode also appears to be a diffusion m ode 
w ith a phase velocity dispersion linear in  frequency:

Cs2 (ш) ш \Yjb_2
P a 2

w hich value depends on  the ratio o f the dissipative fac­
tors y2 and p. T he attenuation  coefficient also is linear 
in  frequency:

x

^ 2(ш) = 4 ш Iе  ( - j)
4  A/Y2 va /

2 2
P + - p--2 (  ь  11 -  ^ -----—

Y2 1- H -̂ <a:/b?2( Z>2 -t

и b2
b 11 -  -  j г- ,2a 2j b2 + c2

It should be no ted that, if  the dissipation coeffi­
cient p is set to be zero w ith  the dissipative function 
being determ ined by the relaxation term  alone, from 
Eq. (3.21) we obtain tha t the second shear m ode again 
appears to be a diffusion m ode w ith  the square o f the 
wave num ber

2
Ks2 (ш) = i ш ̂ -Т-2- 2,

Y2 b2

w hich value is determ ined by ratio between the p aram ­
eter p 12 related to the attached mass and the dissipa­
tion  factor y2.

C O N C L U SIO N S

In  this case, the roots o f quadratic equation (3.11) 
have the following asymptotics:

a 1 = 1 , a 2

21 c 2 
И11 - - -  2a 2

a 2

i ШY2 /  2 b2 ( b2 + C2)

It is shown in  the paper, tha t natural in troduction  
o f shear viscosity in  the hydrodynam ic equations sys­
tem  can  be achieved in  the framework o f the general­
ized variational principle by the in troduction  o f the 
tensor in ternal param eter into the expressions for the 
free energy and dissipative function, in  accordance 
w ith the M andelshtam -L eontovich approach. In
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term s o f o ther variational approaches, the in troduc­
tion  o f shear viscosity usually causes difficulties. The 
proposed m ethod allows generalization o f the 
N avier—Stokes equation w ith  allowance for viscosity 
relaxation and, hence, m akes it possible to  obtain a 
com bined description o f the inelastic behavior o f vis­
cous fluids and solids.

I t  should be no ted  that, since the bulk and shear 
viscosities are physical characteristics com m on to flu­
ids and gases, the physical m eaning o f the in ternal 
param eter used for description o f these properties 
should also be com m on for fluids and gases. T here­
fore, as the in ternal param eter, we can  take only the 
m ost general structural characteristics o f the m edium , 
such as, e.g., the m ean  positions o f atom s or m olecules 
o f the m edium  w ith respect to each o ther in  the th e r­
m odynam ic equilibrium  state. T he reducing o f the 
m ean  distance between atom s and m olecules should 
be related to volum e relaxation and, hence, to bulk 
viscosity, while the reducing o f spatial (angular) equi­
librium  at every po in t o f  the m edium  should be related 
to shear relaxation and, hence, shear viscosity. Thus, 
the tensor in ternal param eter in troduced in  this paper 
is o f kinetic origin and can  be associated w ith  the order 
param eter, w hich is com m only used in  the theory  o f 
phase transitions.

It was shown tha t the conventional system  o f Biot 
equations for a tw o-phase porous perm eable m edium  
can  be im m ediately obtained on the basis o f the gener­
alized variational principle. However, if  we take into 
account the additional degree o f freedom  related to 
the presence o f transverse waves in  the viscous fluid, 
the generalized variational principle will allow us to 
derive the system  o f equations o f m otion  tha t general­
ize the system  o f Biot equations w ith  allowance for this 
additional shear degree o f freedom . It should be 
stressed that, in  term s o f the existing variational p rin ­
ciple for nondissipative continuum  m echanics, w hich 
underlies the Biot theory, the shear degree o f freedom  
canno t be taken into account because o f its fundam en­
tally dissipative nature.

It was also shown that, w ith allowance for the shear 
viscoelasticity o f the fluid, no t only two longitudinal 
m odes can  exist, as in  the Biot theory, bu t also two 
transversal m odes can  be exist in  the m edium  as well.

O ne o f the transverse m odes is an  acoustic m ode, 
whereas the o ther proves to be a diffusion m ode w ith 
the phase velocity and the attenuation  coefficient lin ­
early depending on frequency in  the low -frequency 
region.
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