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A b s t r a c t —The square and triangular lattices are considered, where the uniform crack growth is accompanied 
by the wave radiation. The radiation energy and structure are studied. The energy radiated to the bulk of the 
lattice is found in a direct way. The radiation structure is described based on the crack problem solution and 
by means of the analysis of two-dimensional dispersion relations for the intact lattice. The mode III problem 
for square lattice is discussed in detail, whereas, in the case of the plane problem for the triangular lattice, the 
only those results are derived which follow from the two-dimensional dispersion relations. It is shown that 
there exists a finite crack-speed-dependent region of wavenumbers corresponding to the waves radiated to the 
bulk of the lattice. In the case of the triangular-cell lattice, in addition, one or several lattice Rayleigh waves 
are radiated. For the square lattice a complete solution for the wave field is presented with the crack-speed- 
dependent far-field asymptote. The latter is characterized by the wave amplitude asymptotically decreasing 
as the distance from the crack front in power —1/3. The asymptotically significant crack-speed-dependent 
direction of the radiation is determined. Such asymptotic results are also valid for the triangular lattice.
D O I :  10.1134/S1063771010060217

1. IN T R O D U C T IO N

T h e  classical c o n tin u u m  m o d e l o f  th e  m a te ria l c an  
be  co n sid ered  on ly  as th e  slow ly-varying ap p ro x im a
tio n  o f  a  d iscre te  o r  s tru c tu red  m ateria l. T his accu racy  
is su ffic ien t fo r th e  analysis o f  regu lar p rocesses in  
w h ich  waves co rresp o n d in g  to  th e  m ic ro s tru c tu ra l 
scales ca n  be  neg lected . However, m acro -p rocesses 
ex ist, an d  th ey  a re  n o t a  ra rity  in  n a tu re , w h en  th e  
asym pto tic  ap p ro x im atio n  o f  th is  k in d  is n o t suffi
c ien t. F rac tu re  is a n  excellen t exam ple o f  su ch  a  p ro 
cess. T h e  energy  release th ro u g h  th e  p ropaga ting  c rack  
tip  im poses no  low er lim it o f  th e  wave len g th , an d  th e  
ch arac teris tic  size re la ted  to  th e  m ic ro s tru c tu re  c a n n o t 
be  neg lected . U n d e r  th e  m ic ro s tru c tu ra l in flu en ce  a 
g rea t p a r t o f  th e  m acro level energy release is sp en t o n  
th e  excita tio n  o f  th e  m icro level an d  th is p h e n o m e n o n  
c a n n o t be  observed w ith in  th e  fram ew ork  o f  th e  
ho m o g en eo u s m odel. T h e  d iscre te  la ttice  m o d e l helps 
to  illu m in a te  th e  energy release process, a cco m p an ied  
by  th e  h ig h -freq u en cy  wave rad ia tio n , an d  to  reveal 
th e  o th e r p h e n o m e n a  accom pany ing  c rack  p ro p ag a
tio n  in  a  s tru c tu red  m ed ium .

A naly tica l stud ies o f  frac tu re  using  la ttic e  m odels 
b egan  w ith  th e  w orks by  S lepyan  (1981a, 1981b), 
w h ere  a  m assless-bond , d iscrete , sq u are -ce ll la ttice  
was considered . In  these  papers, s tead y -sta te  m o d e  III  
dynam ic  p ro b lem  fo r a  sem i-in fin ite  c rack  u n ifo rm ly  
grow ing in  th e  u n b o u n d e d  la ttice  was exam ined . S uch  
b u t a  trian g u la r-ce ll la ttice  was co n sid ered  in  K ulakh- 
m etova e t al. (1984). M ain  an a ly tica l w orks in  this

1 The article is published in the original.

top ic  are  su m m arized  in  th e  b o o k  by  S lepyan  (2002). 
C o n tra ry  to  th e  elastic c o n tin u u m  th e  la ttice  adm its  
waves w ith  red u ced  p h ase  speeds, an d  these  waves are 
excited  by  th e  un ifo rm ly  grow ing crack . T h e  rad ia tio n  
increases m u c h  th e  to ta l frac tu re  energy, an d  th e  
d e te rm in a tio n  o f  th e  la tte r  as a  fu n c tio n  o f  th e  c rack  
speed  was th e  m a in  p u rp o se  o f  th e  analysis. T h e  ra d i
a tio n  energy strong ly  depends o n  th e  c rack  speed  an d  
it does n o t vanishes as th e  la tte r  ten d s to  zero . Som e 
aspects o fw ave rad ia tio n  o f  th e  p ropaga ting  c rack  w ere 
d iscussed in  S lepyan (1981b, 2002), M ishuris e t al. 
(2009) an d  S lepyan e t al. (2009).

N o te  th a t, in  th e  la ttic e  m odel, s im ila r p h e n o m e n a  
in  frac tu re  an d  p h ase -tran s itio n s  are  revealed. A  
p h a se -tra n s itio n  wave in  a  d iscre te  c h a in  consisting  o f  
b istab le  irreversible e lem ents was first co nsidered  by 
S lepyan an d  T royankina (1984) [also see S lepyan an d  
A yzenberg-S tepanenko (2004), C herkaev e t al. (2005), 
S lepyan e t al. (2005), V ainchtein  (2010), an d  th e  re f
erences here in ].

In  th e  p re sen t paper, th e  waves rad ia ted  by  a  c rack  
un ifo rm ly  p ropaga ting  in  square  an d  trian g u la r la ttices 
a re  stud ied . T h e  m o d e  I II  p ro b lem  fo r square  la ttice  is 
co nsidered  in  detail. T h e  to ta l energy o f  th e  rad ia tio n  
is o b ta in ed  as th e  lo ca l-to -g lo b a l energy release ratio . 
T h e  energy  rad ia ted  to  th e  bu lk  o f  th e  la ttice  is found  
by  a  d irec t way. In  th e  case o f  th e  square  la ttice , w here  
no  localized  wave exists, these  two app ro ach es yield 
th e  sam e resu lt. T h e  rad ia tio n  s tru c tu re  is s tud ied  by 
m eans o f  th e  analysis o f  tw o -d im en sio n a l d ispersion  
re la tions fo r th e  u n b o u n d e d  la ttice  an d  th e  la ttice  h a lf
p lane . I t  is show n, in  particu lar, th a t th e re  exists a
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fin ite  c ra c k -sp eed -d ep en d en t reg ion  o f  w avenum bers 
co rrespond ing  to  th e  waves rad ia ted  to  th e  bu lk  o f  th e  
la ttice . I n  a d d itio n , in  th e  case o f  th e  trian g u la r-ce ll 
la ttic e , o n e  o r several la ttice  R ayleigh  waves localized  
a t th e  c rack  faces are rad ia ted . F o r th e  square la ttice  a 
com ple te  so lu tio n  for th e  wave field is p resen ted  w ith  
th e  far-fie ld  asym pto te . T he asym pto tically  sign ifican t 
c rack -sp eed -d ep en d en t d irec tio n  o f  th e  rad ia tio n  is 
d e te rm in ed .

2. M O D E  I I I  F R A C T U R E  
IN  A  S Q U A R E -C E L L  L A T T IC E

2.1. Formulation and General Solution in Outline
C o n sid e r an  in fin ite  la ttice  consisting  o f  p o in t p a r 

ticles o f  m ass M . E ach  partic le  is co n n e c te d  w ith  four 
ne ighbors by th e  sam e linearly  elastic  b onds each  o f 
len g th  a (Fig. 1). F o r th is la ttice  m ode  I I I  c rack  p ro p 
agation  is stud ied . A  sem i-in fin ite  c rack  is assum ed  to  
p ropaga te  to  th e  righ t w ith  c o n s ta n t speed  v; th a t is, 
th e  tim e-in te rv a l betw een  th e  breakage o f  neighboring  
bo n d s o n  th e  crack  p a th , a/v, is co n stan t. In  th is 
“ s tead y -s ta te” process, a p a rt o f  th e  energy, delivered 
by  a feeding wave from  a rem o te  source , is spen t o n  th e  
b o n d  d is in teg ra tion  o n  th e  c rack  p a th  an d  th e  rest is 
rad ia ted  away from  th e  crack  fron t. T h e  dynam ic 
e q u a tio n  o f  th e  la ttice  fo r th e  an ti-p la n e  s tra in  is a  d is
cre te  analogue o f  th e  tw o -d im en sio n a l wave eq u a tio n

M  -
d 2 um n ( t)
------^---- = P [um + 1, n(t) + um -  1, n(t)

d 11 (1)

+ um, n + 1( t)  + um, n - 1( t)  4 um, n ( t ) ]  ,

w here um, n(t) are d isp lacem ents, m an d  n are d iscrete  
co o rd in a tes  o f  th e  partic les, Fig. 1, an d  p  is th e  b o n d  
stiffness.

V ia a  long-w ave ap p ro x im atio n , th e  la ttice  c o rre 
sponds to  a h om ogeneous body  o f  density  M /a 2 and  
shear m o du lus p  (the la ttice  is assum ed  to  be o f  a u n it 
th ickness). A ccordingly, th e  shear wave velocity  is

given by  c =  c2 =  Ja2 p  /  M . A  subcritical c rack  speed  is 
assum ed: 0 < v  < c2. In  th e  follow ing, p , M  an d  a are 
assum ed to  be th e  n a tu ra l un its; in  these  term s, c2 =  1.

F o r th e  considered  steady -sta te  p ro b lem  a m oving 
co o rd in a te , n  =  m — vt is in tro d u ced . A ssum ing 
um, n(t) =  un(n ) eq u a tio n  (1) can  be rew ritten  in  th e  
fo rm

- 1 - 4 - 4 - 4 - 4 - 4 - 4 - 4 - 4 - 3

О О О О О О 2

H U н и - н и н и -4U-н и 1

the crack
о о О о 0

о о О о ° - 1

H U H U -4 U--4  U--4  U--4U- - 2

о о О О О О о -34- 444444 - 4
-- - 4  -3 - 2 - 1 0 1 2 3 4

n

a

Fig. 1. The square-cell lattice.

w ith

u( n )  = uо( n ) , X(k) = ^ k lJ S k l  ( N  £  1), _r ( k ) + h (k) (4 )

h2 (k) = 2 (1 -  cos k) + (0 + ik v ) 2, r 2 (k) = h 2 + 4,

w here, in  acco rd an ce  w ith  th e  causality  p rin c ip le  for 1 
s teady -sta te  so lu tions (see S lepyan (2002)), it is w rit
te n  0 +  ik v  =  lim  (s + ik v ) in stead  o f  ikv .

s ̂  +0
T he antisym m etric problem  is considered, u-n(n ) =  

—un_ b n =  1, 2, ... In  te rm s o f  th e  F o u rie r transfo rm , 
Eq. (2) yields

r ( r  -rh  - 2 )uF(k) =  0. (5)
r + h

T his e q u a tio n  is valid fo r th e  in tac t la ttice . I t  is, h o w 
ever, assum ed  th a t th e re  is a crack , w here th e re  is no  
in te rac tio n  betw een  th e  lines o f  th e  partic les n =  0 an d  
n =  —1 at n  < 0. To take  th is in to  ac c o u n t th e  ex ternal 
forces com pensa ting  th e  in te rac tio n  m ust be in tro 
d u ced  in  (2) for n  < 0. In  te rm s o f  th e  F o u rie r tra n s
fo rm , e q u a tio n  (5) becom es

— — —— — uF (k) = 2 u -  (k) , (6)
r + h

2 d 2 un (n) , ,ч , 14
v -----= Un(n + 1 ) + un( n -  1) . . .

d n 2 (2)

+ un +1 (n ) + un- 1 (n ) -  4 un( n ) .

T h e  F o u rie r tran sfo rm  o n  n for n > 0 leads to  a g en 
eral so lu tion  o f  th e  fo rm

uFn( k) = uF( k )Xn ( k), (3)

w here

« ( 0)

uF( k) = u + + u- , u± = J  u( n ) e iknd n . (7)

0 (-® )

E q u a tio n  (6) yields th e  W iener—H o p f  type equation :

u+(k) + L (k) u - (k) = 0, L (k) = ^ . (8)
r ( k )
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G0/G E q u a tio n  (8) is now  rep resen ted  as

T+TT- + L - (k )u -  (k) = A L+( k )
1 + 1

0 + i k 0 -  i
(12)

w here an  analy tica l rep resen ta tio n  o f  th e  d e lta  fu n c 
tio n  o f  k is in tro d u ced  in  th e  rig h t-h a n d  side. T h is 
reflects a rem o te  co n stan t load; A is an  a rb itrary  c o n 
stan t. T h e  rep re sen ta tio n  co rresponds to  th e  mac
rolevel-associated solution, w here th e  energy is deliv
ered  to  th e  m oving c rack  fron t by a  n o n -o sc illa tin g  
wave. N o te  th a t th e  microlevel-associated solutions, 
w here th e  energy is delivered by an  oscilla ting  feeding 
wave, also exist (see S lepyan (2002)). Finally, th e  so lu 
tio n  is

u+(k)
A L + (k ) 

0 - i k ’
u - ( k ) A

L -  ( k) (0 + i k )
(13)

2.2. The Radiation EnergyFig. 2. Energy release ratios, G0/G: (I) Mode I (V= v/cR);
(II) Mode II (V= v/cR); (III) Mode III (V= v/c2). L et s c be th e  critica l tensile  force o f th e  b o n d . T h en

T h e  W iener—H o p f  tech n iq u e  is based  o n  th e  fac
to riza tio n , L (k) =  L +(k)L _(k), th a t c an  be achieved 
using th e  C au ch y -ty p e  in tegral:

L ± (k) = exp

W

± —  f
2 n i J—w

м ш  d 5
S — k

±S  k > 0. (9)

H ere  L+(k) is a regu lar fu n c tio n  in  th e  u p p er ha lf
p lane , an d  L _(k) is a regu lar fu n c tio n  in  th e  low er ha lf
p lane; L+(±i<x>) =  1. In  th is way, it is convenien t to  n o r
m alize th e  kernel L (k), th a t is to  separate zeros o f  h(k) 
and  r(k). F o r v  > v*, v* »  0.315847, such a  n o rm aliza

tio n  is

L2 (k)
= (0-1- ik ) (0  — i t̂ )̂(0 + i(k — h1)(0 + 'i(k + ^ 1) ^ (k ) 

(1 + k 2) (0 + i( k — r1) (0 + i (k + r 1)

(10)

w here h j, rx are th e  roots: h (± h t) =  r(± rj)  =  0 (the  
n u m b er o f  roo ts  grows as th e  speed v  decreases). In  
th is rep resen ta tio n , S(k) > 0. I t follows th a t

L+(k) = JMS+(k),

u (0 )  = lim  su+( is) = As ̂  W
Sh
2 (14)

T h is re la tio n  defines th e  c o n stan t A. T hus th e  frac tu re  
energy itse lf as th e  critica l s tra in  energy o f  th e  break ing  
bon d s p e r  u n it leng th  is

G0 = s cu (0 )  = 2 A2. (15)

A t th e  sam e tim e , th e  m acro level energy release ra te , 
G, is defined  by th e  long-w ave ap p ro x im atio n  o f  the  
so lu tion , w h ich  co rresp o n d s to  th e  c o n tin u o u s  a n a 
logue o f  th e  la ttice ; it c an  be o b ta in ed  from  (13) as an  
asym pto te , k ^  0. In  th is way, it is fou n d  th a t (see 
S lepyan (1981a), (2002))

G = G0 Ж  1 ( v ) , Ж  ( v ) = exp

= П  h  П
V = 1, 3, ... Vv = 2, 4, ...

2 | A g L ( k )
n J1 k

0

r ' -
К ’

)

W

d k

J (16)

w here fo r v  > 0 th e re  is a fin ite  set o f  th e  roo ts, (hv, rv): 
h (h v) =  0, r(rv) =  0 (hv + 1  > hv an d  rv + 1  > rv). In  p a r tic 
ular, Ж  =  h jr x fo r v  > v*. N o te  th a t fo r a vanishing

speed

L-(k )
'(0 + ik ) (0  + i(k — hQXQ + i(k + hQ ) 
(1 + i k ) (  0 + i (k — r1) ) (0  + i (k + r 1))

S- (k),

S ± (  k) = JS  (k) exp

W

± ̂  I  “ «

(11)

S  k = 0 .

—W

Ж  (+ 0 )

= exp _j_
2 n Jm

4 + 2(1 -  cosk ) 
2 (1 — cos k)

d k
0

V2 — 1.
(17)

T h e  c rack  sp eed -d ep en d en t energy ra tio  G0/G  =  Ж ( v) 
is p resen ted  in  Fig. 2 fo r each  o f  th ree  frac tu re  m odes, 
w here m odes I and  II  co rresp o n d  to  th e  p lane  p ro b lem
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for th e  trian g u la r la ttice  (in  th is case, v  is th e  ra tio  o f  
th e  c rack  speed  to  th e  long  R ayleigh wave speed).

T h e  n o rm alized  d ifference

R ( v )  = = 1 -  &  ( v ) (18)

co rresponds to  th e  rad ia ted  energy. N o  surface wave 
exists in  th e  square la ttice  ha lf-p lan e ; h en ce  all th is  
energy m ust be rad ia ted  to  th e  bu lk  o f  th e  la ttice . T his 
s ta tem en t is proved below  by m eans o f  a d irec t d e te r
m in a tio n  o f  th e  energy flux rad ia ted  to  n ^  да.

2.3. Structure of the Radiation
2.3 .1. Energy radiated to the bulk of the lattice. T h e

rad ia tio n  stru c tu re  can  be d isclosed  using a d irec t way 
o f  th e  energy flux d e te rm in a tio n . T h e  to ta l energy flux 
from  th e  n o d e  (m, n) to  th e  n o d e  (m, n +  1) is

Gr = Gn ̂  n + 1

= J  [um, n( t) -  um, n + 1 (t)] urn, n + 1(t)d t .
(19)

ад

-ад

N o te  th a t th e  resu lt is in d e p e n d e n t o f  m. U sin g  th e  
Parseval iden tity  an d  tak ing  in to  ac c o u n t th a t

uFn +1 (k) = uFn(k)X (к) = uF (к)Xn + 1 (к) (n > 0) (20)

equality  (19) can  be expressed in  th e  fo rm
ад

Gr = -  J [un( n ) -  un +1 ( n ) ] Ci--'d ^ (T'l ) d n

-ад

ад

2 П J [uF(k) -  uF+1(k )](- i k )uF+1(k)dk  (21)
—ад

ад

= f | uF (k ) |2 [ 1 -  X (k )]|X |2 n (-  i k )X( k) d k ,
2 n J

—ад

w here th e  po le  a t k =  0, co rresp o n d in g  to  th e  feeding 
wave, m ust be ignored . O nly  th e  segm ents w here X(k) 
is com plex  give a c o n tr ib u tio n  to  th e  in teg ral (21). In  
th is d o m ain

ю

Fig. 3. The dispersion curves, w = Wh (the lower curve) and 
w = wr (the upper curve), and the rays w = 0.5k and w = 0.2k. 
The segments corresponding to the radiation (Ж-segments): 
(1) 3.791 < k < 4.815 for v = 0.5; (2) 5.1915 < k < 8.2092 and 
(3) 9.8126 < k < 11.4053 for v = 0.2.

T h e  ra tio  o f  th e  rad ia ted  energy to  th e  to ta l energy 
release ra te  is

= 2Gr = 2 G ffl 
G G 0

&  j*
2  n  J

l -L (k )
L - ( k  )

r( k )J -  h2 (k , d - ,
k

(25)

an d  th e  co rrespond ing  wave n u m b ers  are s itu a ted  in  
th e  reg ions w here —4 < h 2 < 0 (24). T hese  reg ions can  
be seen  in  F ig . 3 , w here d ispersion  re la tions, follow ing 
from  eq u a tions h(k ) =  0 an d  r(k) =  0

ю = ю h = ±  2 sin k/ 2, 

to = юг = ±  2aJi + sin2 k/ 2,
(26)

an d  th e  rays ю =  kv  are show n in  th e  first q u ad ran t o f  
th e  k, ю-p lan e . N o te  th a t th e re  exists on ly  a single 
Ж -seg m en t a t k > 0 for v  > v*. I t  follows from  (25),

(11) an d  (16) th a t, in  th is case

|X (k)| = 1, S X (k )  = - 1 r(k)J-h 2(k) ( h2 < 0 ) , (22) 

an d  it follows th a t

Gr = - I  f|uF( k)\2r(k)J-h 2(k) k d k, (23)
2 n J

Ж

w here th e  d o m ain  Ж  is a subset o f  th e  positive sem i
axis k > 0, w here S X  Ф 0, th a t is w here

- 4  < h2 (k) <  0 (h2 < 0, r > 0 ). (24)

r1 Г 2 ----------- 2
r  = 2&  f ^  _  1>) = 1 _ & . (27)

n * fjk -  h 2 k Vh 1 7

T hus, th e  energy is com plete ly  rad ia ted  to  th e  bu lk  o f  
th e  la ttice , as it shou ld  be.

2.3.2. Two-dimensional dispersion relation and the 
radiation. N ow  co n sid er th e  tw o-d im en sio n a l d isp er
sion  re la tio n  follow ing from  th e  la ttice  dynam ic  e q u a 
tio n  (1) for th e  sinuso idal wave

um, n = exp [i (ю t -  km -  qn) ] . (28)
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It is

ю = ± V 4 -  2 c o sк -  2 c o sq, - n  < q < n .  (29)

In  th e  s tead y -sta te  p rob lem , th e  rad ia ted  wave fre 
q u en cy  an d  th e  c rack  speed  are  c o n n e c te d  by  th e  re la 
tio n  as

ю =  k v . (30)

I t is im p o rta n t th a t th is re la tio n  is valid  n o t on ly  fo r th e  
m a in  к -range, —п < к < n , b u t fo r the  periodic c o n tin u 
a tio n  o f  the  dispersion relation , th a t is fo r —да < к <  да.

F o r a  given values o f  ю e  (0, ) an d  к =  k0 e  (—п , n ),
th e  re la tio n  is valid  fo r v  =  ю /(к 0 ± 2 n v ), v  =  0, ±1, .... 
I f  v  is given, o n e  o r  several couples, ю, к, a re  defined  
by  th e  d ispersion  re la tio n  an d  th e  stead y -sta te  c o n d i
tio n  (30). W ith  th is in  m in d , h e re  th e  ra tio  ю /к  is called  
th e  ph ase  speed  fo r an y  к e  (—да, да). N o te  th a t th e  
g roup  velocity  an d  th e  p artic le  m o tio n  a re  in d e p e n 
d e n t o f  th e  value o f  in teg e r v  in  th e  above re la tio n . It 
follows from  (29) an d  (30) th a t

- 4 < 2 (1 -  cos к) -  к2 v 2 < 0, (31)

an d  th is co incides w ith  th e  d efin itio n  o f  th e  Ж -seg
m en ts  (24). T h e  ph ase  velocity  as a  vector, V, is

IV = ю

Jk
Vx =

2 2
+ q

ю к
, 2 2 ’ к + q

V = _ ® 1 _ . (32)
y ,2 2 v ’ к + q

T h e  g roup  velocity  vector, Vg, is

_  V sin2 к + sin2 q
lV g|

( Vg ) x =

ю

sin к
ю ( Vg)y =

sinq
ю

(33)

F o r th e  rad ia ted  waves these  re la tions are  valid  w ith  
ю =  Cv , an d  if  q is defined  as a  no n -n eg a tiv e  value

2 2q = arccos (2 -  cos к -  к v  / 2  ) >  0, 

th e n  fo r к in  th e  segm ents defined  in  (31)

Vx =
vk

, 2 2 ’ к + q Vy = 2
v  kq

2

( Vg )x =
sink
vk

7 ^к + q

( V )  = ± s mq
( ) y  ± vk  ’

(34)

(35)

in  th e  u p p e r  an d  low er la ttice  h a lf-p lan es, respectively.

2.4. The Far Field Asymptote
T h e  wave field in  th e  u p p e r  la ttice  h a lf-p lan e  is 

defined  by  th e  inverse F o u rie r tran sfo rm
да

un(П) = I [u+ (k) + u- (к)]'knexp(- i k p ) . (36)
-да

It follow s fro m  (13) an d  (4), w here  fo r th e  rad ia ted  
waves j^j =  1, th a t th e  field far fro m  th e  crack  fro n t can  
be rep resen ted  as

un( n )  = A %U,

U = 1 f l~-rLTV e x p [- i (Q(k )n + k p ) ] ^ , (37)n J  L-  ( к ) к
Ж

Q ( к) = 2 a rc ta n = arccos  ̂  1 + 1 h 2 (к)
2

F o r th e  asym pto tic  analysis o f  th e  in teg ra l it is im p o r
ta n t th a t in  th e  range 0.315847 < v  < 1, w here  th e re  is 
on ly  a  single positive Ж -segm en t, th e re  exists a  p o in t 
к =  к * ( v ) e Ж  w here

2 3
= 0, P (к) = d-I M b  0 (к  =  к * ( v ) ) .(38) 

d k  d k

T his p o in t defines th e  ray

П = П * = - ~ - г - n (к = k* ( v ) ) , (39)d  к

w here  th e  wave am p litu d e  decreases as n -1/3, w hile  on

th e  o th e r  rays, it  decreases as 1Д / п . T h e  co n tr ib u tio n  
o f  th is p o in t fo r n ^  да c a n  be  expressed as

U 2 ( 1 - L ( k * ( y ) ) 1  
k*(  v ) L- ( k*(  v ))

exp [- i  ( Q ( k*) n + k * p ) ]  I,

I
да

-  P ( k * ( v)) t3 n + tp ' 
6 .

0

1̂ cos 
п

d t

= [ P ( k* ( v)) n /2 ] 1/3A iryAi(K( v ) ) ,

(40)

да

AiryAi (x) = 1 1 cos ̂  1 13 + xtj d  t,
0

w here  k ( v ) =  p '[ (P (k ^ ( v ) )n /2 ]-1/3 an d  p ' =  p  — 

p^[A iryA i(0) =  3-2/3/Г (2 /3 ) ] .

T h e  A iry  fu n c tio n  in  a  v ic in ity  o f  p ' =  0, is show n in  
Fig. 4. T h e  p lo t o f  th e  w avenum ber k * (v ), c o rre 

spond ing  to  th e  m a in  far-fie ld  a sym pto te  o f  th e  rad ia 
tio n , is p resen ted  in  Fig. 5. T h e  m a in  asy m p to te  ray 
defin ition , — p /n  =  dQ/dk (k =  k*) is p lo tted  in  Fig. 6.

T h e  func tions Q (k*) an d  P (k * ) are  show n in  Figs. 7 

an d  8, respectively.
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Fig. 4. The envelope of the main asymptote in a vicinity of 
the ray n = п Дп): The Airy function, AiryAi(x).

-П /п

Fig. 6 . The main ray of the radiation, n/n = —dQ/dk 
(k = &*), as a function of &*( v).

k*

Fig. 5. The asymptote-related wavenumber as a function of 
the crack speed.

Q

Fig. 7. The function Q(k).

3. T R IA N G U L A R -C E L L  L A T T IC E  

3.1. The Lattice

F o r th e  trian g u la r la ttice , w here th e  p lane  p ro b lem  
is co nsidered , th e  analysis is based on ly  o n  th e  d isp er
sion  relations. In  th is la ttice , each  p artic le  o f  m ass M  
is c o n n ec ted  w ith  six neighbors by  th e  sam e elastic 
b onds, e ach  o f  th e  len g th  a a n d  stiffness ц. In  th e  lo n g 
wave app ro x im atio n , th e  la ttice  co rresponds to  a 
h o m ogeneous, iso trop ic , elastic  b od y  w ith  density  p =

2 M /(V 3  a 2), P o isson ’s ra tio  v  =  1/3 an d  th e  follow ing 
velocities o f  th e  long itud ina l, sh ear an d  R ayleigh

waves: c 1 =  49/8 c, c2 =  43/8 c an d  cR =  1 /2 ^ 3  - 7 3  c,

respectively, where c = J a2 ц / M . The shear modulus is 
Цо = Pc2 =  V3 ц/4.

In the following, non-dimensional values associ
ated with the natural units are used: the particle mass 
(M  = 1), the bond length (a = 1) and the bond stiffness 
(ц = 1). In these terms, c is the speed unit (c = 1), a/c
is the time unit, p = 2/V3 , c1 =  4 9/8 , c2 =  4 3/8 and 
cR = 1 / 2  73 - 43  .

Coordinates of the particles are defined by integers 
(m, n) or by the vector x  which rectangular coordinates 
x , y  are

x = m + n/2, y = ^ n , m, n = 0, ± 1 ,± 2 ,. . . .  (41)
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P where u(t, x) is the displacement vector and Q((t, x) is 
the elongation of the bond associated with vector I,-:

Qi( t, x ) = [u( t, x  + I ,) -  u( t, x ) ] I ,. (44)
For the considered steady-state problem, the dis

placements are assumed to depend on n = x  — v t  and
y  for x  = m + n / 2  and y  =  43  n / 2 , that is, u = u(X), X  =
(n, л/3 n/2). The equation of motion becomes

2 5

-  У  Qi (X ) i , = о ,
d n  i = о

Q((X ) = [u(X  + Ii) -  u(X ) ] Ii.
(45)

Fig. 8 . The function P(k). 3.3. Dispersion Relations 

For the sinusoidal wave
Crack propagation is a consequence of disintegration 
of the bonds between lines n =  0 and n =  —1. The lat
tice and the unit vectors, introduced below, are shown 
in Fig. 9.

u( t, x ) = exp [i(юt -  k x  -  qy)]  (46)
in the unbounded lattice, equation (45) yields a two
dimensional dispersion relation

3.2. Dynamic Equations

Unite vectors I (-, i =  0, 1, . .. ,  5, directed from a given 
particle to the neighbors are introduced. In terms of 
the projections onto x , y-axes, these vectors are

I; = [ cos(ni/ 3), sin(ni/ 3)], i = 0, 1 , _, 5. (42)

The dynamic equation for a particle outside the 
crack is

df2u(l, x) 
d t2

5
У  Qi ( t, x ) I i = 0,
i = 0

(43)

(ю2 -  3 + 2cos(k ) + cos(k/ 2 )cos( 43q/ 2))
x (ю2 -  3 + 3cos(k/ 2 )cos(43q/ 2 ) ) (47)

-  3sin2(k /2 ) sin2(43q /2 ) = 0 .

In particular, for q =  0 and q =  2пД/3 , four dispersion 
relations follow as

ю = ю 1 (k ) = ±43 -  2 c o s (k) -  c o s(k/ 2) ,

ю = ю2(k ) = ±V6 cos(k/ 4) (q = 0 ) , 

ю = ю 3 (k) = ю 1 (k + 2  n ) ,

ю = ю 4 ( k) = ю 2 ( k + 2  n) ( q = 2  n/43  ) .

Fig. 9. The triangular-cell lattice: (a) the lattice and the coordinates; (b) the unit vectors.
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w

Fig. 10. The dispersion relations for the triangular-cell lat
tice: w = w1 (1), w = w2 (2), w = wR (3), and the rays w = 
0AcRk, w = 0.5cRk, w = 0.1cRk, w = 0.9cRk.

w

Fig. 11. The dispersion relations for the triangular-cell lat
tice: w = w3 (1), w = w4 (2), w = wR (3), and the rays w = 
0.4cRk, w = 0.5cRk, w = 0.1cRk, w = 0.9cR/k.

In  th e  la ttice  h a lf-p lan e  w ith  th e  x-ax is as th e  
boundary , th e re  exists th e  la ttice  R ayleigh wave w hich  
am p litu d e  exponen tia lly  decreases w ith  th e  d istance  
from  th e  h a lf-p lan e  boundary . T h e  co rrespond ing  d is
p e rsion  re la tio n  is

ю R = ± 2 cR| sin (k/ 2 ) | . (49)

T h e  d ispersion  curves, w ^ k ) , .... ю4(k) an d  roR, in  th e  
first q u ad ran t o f  th e  k, ю-p lan e , are p lo tted  in  Figs. 10 
an d  11.

3.4. Structure o f  the Radiation

T h e  p ropaga ting  crack  ca n  excite waves w h ich  
phase speed a long  th e  x -ax is co incides w ith  th e  c rack  
speed  (see S ec tio n  2.3.2). In  th e  trian g u la r la ttice , th e  
rad ia tio n  consists o f  th e  la ttice  R ayleigh wave (see (49) 
an d  Fig. 10) an d  th e  waves rad ia ted  to  th e  bu lk  o f  th e  
la ttice . T h e  c rack -sp eed -d ep en d en t k -reg ions o f  th e

rad ia tio n  follows from  th e  d ep en d en ce  o f  cos(V 3 q /2 ) 
o n  real k  as in  th e  d ispersion  re la tio n  (41) w ith  ю =  k  v .

T h e  real q range —1 < cos(V 3 q /2 ) < 1 co rresponds to  
th e  sinuso idal waves (46). T hese an d  only  these n o n -  
localized  waves c an  be rad ia ted  by  th e  u n ifo rm ly  g row 
ing crack. E q u a tio n  (41) yields tw o d ifferen t fu n c tions

for cos(V 3 q /2 ) . So th e  co rrespond ing  p lo ts consist o f  
tw o b ranches. T h e  p lo ts fo r som e speeds are p resen ted  
in  Figs. 12—16. N o te  th a t th e  gaps o n  th e  p lo ts serve to  
separate  th e  b ranches. In  fact, th e  gaps do  n o t exist, 
an d , in  each  figure, th e  b ran ch es fo rm  a  closed  c o n 
tour.

F o r th e  square la ttice  th e  m a in  c rack -sp eed - 
d ep en d en t d irec tio n  o f  th e  rad ia tio n  an d  th e  field 
asym pto te  are fo u n d  based  o n  th e  c rack  p ro b lem  so lu 
tion . A t th e  sam e tim e , th e  m a in  d irec tio n  o f  th e  ra d i

ation, corresponding to the n- 1/3-asymptote, can also 
be determined based on the two-dimensional disper
sion relation, without involving the complete solution. 
Indeed, from the sinusoidal wave representation (28) 
it follows that the exponent X = exp(-iq), whereas the 
dispersion relation with ю =  k v  defines q as a function 
of k. In terms of the relation (31), q =  Q(k).  The fol
lowing considerations are the same as in Section 2.4. 
In this way, it can be shown that such critical points, 
k  =  k *(v ) , where d2Q(k)/dk2 =  0, also exist in the case
of the triangular lattice.

Fig. 12. The plot of cos( V3 q/2) as a function of k based on 
(41) with w = 0.4cRk. The upper curve relates to wj, w2 
(Fig. 10), the lower curve relates to w3, w4 (Fig. 11). The 
radiation wavenumbers correspond to real q, where —1 <
cos( л/3 q/2) < 1. The intersections of the curves with the 
lines ±1  correspond to the intersections of the ray w = 
04.cRk with the dispersion curves in Figs. 10, 11. The 
regions outside the ±1 -strip correspond to complex q.
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Fig. 14. Same as in Fig. 12, but for ю = 0.7cRk.

Fig. 15. Same as in Fig. 12, but for ю = 0.9cRk. Fig. 16. Same as in Fig. 12, but for ю = cRk.

4. S O M E  C O N C L U D I N G  R E M A R K S
This article discusses the energy and structure of 

the waves radiated by a growing crack to the bulk of a 
lattice. The radiated energy is determined directly (23) 
(as it was done earlier for another situation in the arti
cle by Mishuris et al. (2009)). It is interesting that the 
same result was obtained by a completely different 
way, by comparing the exact solution for the crack 
line with its long-wave asymptote (Slepyan (1981a), 
see Section 2.2).

In the mode II I  fracture of the square lattice, the 
radiation is directed to the bulk of the lattice. In the 
plane problem for the triangular lattice, in addition, 
the lattice Rayleigh wave is excited. There exists the 
main crack-speed-dependent ray of the radiation, 
where the wave amplitude decreases most slowly. 
The asymptote is proportional to n-1/3, and in a 
vicinity of this ray, the envelope is described by the 
Airy function.

A  complete description of the wave structure can 
be extracted, in principle, from the crack problem 
solution, as it is done here for the square lattice.

However, some important data concerning the wave 
radiation follow directly from the two-dimensional 
dispersion relations with the steady-state condition, 
ю = k v  (see Section 3.4). First, the radiation wave
number segment, the ^{-segment, can be obtained, 
as it is done here for the triangular lattice. N e xt, it is 
the expression for the exponent, X(k)  =  e xp (-iq ), 
where quantity q is defined by those relations as a 
function of k  (here k  =  kx, q =  ky). Thus the main 
crack-speed-dependent direction of the radiation 
and the normalized n-1/3-asymptote are in hand 
(see (4), (28), (34) and (37)). Note that these lattice- 
associated phenomena cannot be observed in the 
classical elastic continuum, where the phase speed 
of a wave along a line cannot be low enough, v  > cR, 
and the crack uniformly growing with a subcritical 
speed does not radiate.

Finally note that the phenomena discussed in this 
paper are not confined to the crack problem. These 
phenomena are typical for the lattice under the action 
of a uniformly moving load.
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