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Abstract— The difference between strong and weak nonlinear systems is discussed. A classification of strong 
nonlinearities is given. It is based on the divergence or inanity of series expansions of the equation of state 
commonly used in the study of weak nonlinear phenomena. Such power or functional series cannot be used 
in three cases: (i) if the equation of state contains a singularity; (ii) if the series diverges for strong distur
bances; (iii) if the linear term is absent, and higher nonlinearity dominates. Strong nonlinearities are known 
in acoustics, optics, mechanics and in quantum field theory. Mathematical models, solutions and observed 
phenomena are presented. For example, an equation of Heisenberg type and its generalization for strongly 
nonlinear wave system are given. In particular, exact solutions of new “quadratically cubic” Burgers and Rie- 
mann—Hopf equations are discovered.
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IN TRODU CTIO N

A m odern trend in physics is the increasing interest 
in strongly nonlinear wave (SNW) dynamics. It is gen
erated by the physics of high density of energy, extreme 
states of matter, and astrophysics, as well as by new 
experiments in laser physics and explosive waves con
nected with high energy localization.

Up to now, mainly weak waves have been studied. 
Even weakly nonlinear waves (WNW) can dem on
strate strongly displayed nonlinear phenomena. For 
example, nonlinear optics deals with laser fields whose 
strength is much smaller than the intra-atomic field:
E  <  Ea t ~ e/ r 2 ~ 1011 V /m  (here rb is the Bohr radius). 
Nevertheless, effects of weak nonlinearity accumulate 
with time (within many periods of vibrations) or with 
distance traveled (within many wavelengths) and ini
tiate strongly expressed effects. For instance, the wave 
energy can almost completely spill over from one fre
quency wave to another (second harmonic generation, 
parametric amplification). Form ation of solitons and 
self-focusing of beams are also results of weak nonlin
earity.

In strong fields, E  ~ EAT, nonlinear transforma
tions happen rapidly over a short time, or within a

1 The article is published in the original.

short distance. Irreversible changes take place in the 
medium right up to its destruction. But even high- 
intensity laser waves will be weak at propagation in 
vacuum. Only a wave with the strength E  ~ E VAC ~ 
m2(?/e:h  ~ 1018 V/m , is strong here because it can alter 
the vacuum itself and create electron-positron pairs.

By analogy, one may distinguish between SNW and 
WNW in acoustics. W hen a shock front appears at a 
distance of 102- 103 wavelengths in a liquid, nonlin
earity is weak but strongly expressed. The acoustic 
pressure is here 105-1 0 6 Pa, m uch less than the inter
nal pressure of 109 Pa. Typical strongly expressed 
effects of weak acoustic nonlinearity are: the transfor
mation of a smooth single pulse to a triangular looking 
profile with a leading shock front; the transformation 
of an initially harmonic wave to a saw-tooth-shaped 
wave containing one shock per period.

A different case occurs if  there are impurities (cav
itation embryos) in water. The cavitation resistance 
falls down, and the acoustic wave can at low pressures 
break the liquid and create bubbles. An explosive wave 
is also strongly nonlinear. It destroys the medium. At 
nuclear explosions even new chemical elements can 
appear. Extreme states of m atter are realized in white 
dwarfs, neutron stars and in black holes as result of 
gravitation collapse and accretion. A wave initiating an
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inert-less phase transition  can  also be considered as a 
SNW.

It is necessary to  answer the question: w hen the 
wave is said to be weak or strong— it is in  com parison 
w ith  what? I f  the wave or its param eters (spectrum , 
shape, o ther characteristics) is com pared w ith  its own 
at the initial m om ent o f tim e, and a big difference in  
the param eters is observed, one can po in t to a WNW. 
I f  the wave field is com pared w ith a typical m agnitude 
o f the sam e field inside the m edium  and these m agni
tudes are close one to another, one can  po in t to a 
SNW.

In  the study o f WNW, the equation o f state (or 
determ ining equation) can be expanded in a power or 
functional series. The expansion o f the adiabatic equa
tion  o f state in powers o f density p' and pressurep' dis
turbances in  the vicinity o f equilibrium  state (p0, p0) 
can  be one example:

P  ' = P 0
P0

p 0 + c 0 p 0

X
"p- + Y zJ  
p 0 2

-pp---0
2 + ( y -  i ) ( y - 2Y P 

6  ^ Р а

3
+ . . .

( 1 )

H ere у =  cp/ c v is the ratio o f the therm al capacities,

c2 =  YPo/Po is the square o f the sound velocity. The 
expansion (1) in  powers o f the small quantity  p '/p 0 is 
com m only used in nonlinear acoustics [1]. The sec
ond term  inside the brackets (1) is related to quadratic 
nonlinearity, while the third term  is related to a cubic 
one.

A nother expansion o f polarization vector in  powers 
o f ratio o f external electric and in tra-atom ic field is 
used in  nonlinear optics [2]:

да дада

P  = Jk (t )E ( t -  t) dx +  Ц х (2)(t 1,T 2)
0 0 0

дадада
(3) (2)

X E (t -  T1)E (t -  T1 -  T2) d %i%2 + JJJX (t 1, t2, T3)
000

x E ( t -  t 1 )E ( t  -  т 1 -  t2)E ( t -  т 1 -  т2 -  t3) d t1 dx2d t3

H ere к ( t ) is the tensor o f linear polarization,

and х (2), х (3) are tensors o f quadratic and cubic n o n 
linearities.

A  sim ilar F rechet representation o f the series by a 
m ultiple integral generalizing the Taylor series was 
used as far back as by Volterra in  his theory o f hered i
tary elasticity [3].

However, such expansions canno t be used in three

cases. First, if  the determ ining equation p (p ), P ( E)
contains a singularity, like for “clapping” and for 
H ertz nonlinearities o f heterogeneous solids [4], as 
well as for nonlinearity  o f vibrant-im pact systems [5].

Fig. 1. Vibration in potential well with singularity at x = 0.

Secondly, if  the series expansions (1), (2) are divergent 
for very strong fields [6]. Thirdly, if  the linear term  is 
absent and higher nonlinearities dom inate. Such n o n 
linearities are known in  quan tum  field theory [7] and 
in m echanics [8].

Exam ples are given below o f nonlinear vibration 
and wave systems o f the first, second and third kinds.

EXAM PLES O F 3 TYPES O F  VIBRATION 
SYSTEMS

A . E x a m p le  o f  Strong N o n lin e a rity  o f  the 1 st Type: 
there is  a  S in gu larity

Let us consider an  anharm onic oscillator w ith  a 
“m odule-like ” potential:

d2 x d U 2 km —  =  F  = -  — , U = - k x 0 |x |, ®0 = -  x 0. (3)
d t dx  m

The “m odule-like” well (curve 2  in  Fig. 1) is shown by 
two rays. It is sim ilar to the parabolic well o f  a h a r
m onic oscillator (curve 1). T he solution here is even 
sim pler th an  that to the linear problem . It can  be 
described by sim ple quadratic functions o f time:

1 2

= a  -  -  ( ю0 t -  V 2 A ) , 0  < ®o t < 2 J 2A ,

1 2

x = -  ( ю0 t +  J l A ) -  A , - i J l A  < ®0t < 0 .
(4)

The spectral expansion o f this solution is given by the 
series:

x
=  ЩA  X  ( 2 m + 1 )  3 s

sin
i = 0

П ® 0^-  ( 2 m + 1 ) —
■2  2  A - l

да
(5)

There are only odd harm onics, whose am plitudes

are ~A. The period increases as V2A. W ith decrease in 
am plitude A  the po in t mass goes down to the bo ttom  
o f well, and approaches the singular point. C onse
quently, there is no lim iting transition  to the linear 
problem  at small am plitudes w hen A  ^  0.
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B. Example o f  Strong Nonlinearity o f  the 2nd Type: 
the Divergence o f  Series fo r  Strong Vibrations

C o n s i d e r  t h e  a n h a r m o n i c  o s c i l l a t o r

,2 2 d jc  + <a0x

d t 1 -  x2 /  a 2
=  0 . (6)

T h e  s i n g u l a r i t y  a p p e a r s  h e r e  a t  x i  ^  a . A t  s m a l l  d i s 

p l a c e m e n t s  x |  ^  a , t h e  b e h a v i o r  i s  l i k e  t h a t  o f  a  h a r 

m o n i c  o s c i l l a t o r .  T h e  e n e r g y  i n t e g r a l  i s :

E  = 2 ( t ) + ( 1 - J 1 - X 2) ,  X  = * ,  т  =  ш  0 1 .  ( 7 )  2 v  d v  a

A t  X  ^  1 ,  t h e  e n e r g y  t a k e s  a  s i m p l e  q u a d r a t i c  f o r m .  A t  

l a r g e  d i s p l a c e m e n t s  X  >  1 ,  t h e  v i b r a t i n g  m a s s  “ d i s a p 

p e a r s ”  i n  t h e  s p a c e  o f  r e a l  c o o r d i n a t e s  a n d  m o m e n t s .

Fig. 3. Stable shock front of compression in a quadratically 
cubic medium for Г = 1; 0.2.

C. Example o f  Strong Nonlinearity o f  the 3rd Type: 
there is N o L inear Term in the Series Expansion

L e t  u s  c o n s i d e r  t h e  D u f f i n g  e q u a t i o n :

f  +  ш0x (  1 + = 0 ,  ( 8 )

d t2 a 2

w h e r e  t h e  l i n e a r  t e r m  ( t h e  u n i t y )  i n  p a r e n t h e s i s  i s  

o m i t t e d .  T h i s  e q u a t i o n

<d- X  + X 3  = 0 ,  X  = x ,  т = ш0t  ( 9 )

d T a

w a s  c o n s i d e r e d  b e f o r e  i n  q u a n t u m  [ 7 ]  a n d  c l a s s i c a l  [ 8 ]  

p h y s i c s .  I t s  s o l u t i o n  c a n  b e  e x p r e s s e d  t h r o u g h  J a c o b i  

e l l i p t i c  f u n c t i o n s .  T h e  s o l u t i o n  a n d  F o u r i e r  e x p a n s i o n  

o f  t h e  o d d  h a r m o n i c s  a r e :

-  = A s d ^ 0 1| D ,  T  =  - L .  ( 1 0 )

a v '2 / я  - 0A

x

x
a

3/2
A  i 66?—  

Г 2( 1/4 )

да
^  ( - 1 ) m + 1 

m = 1
( 1 1 )

ex p ( -7t ( m -  1 /2)) sin 
1 + exp( - 2n(m  -  1/ 2))

( 2 m
2 _3/2

1) -2 ------ A—01 .
Г2 ( 1/4)

Fig. 4. Distortion of SNW described by the model (18), 
(19).

T h e  m o d e l s  l i s t e d  a b o v e  d e s c r i b e  r e a l  s y s t e m s .  T h e  

1 s t  t y p e  o s c i l l a t o r  ( 3 )  d e s c r i b e s  v i b r a t i o n s  o f  t h e  f o r c e  

f i e l d ,  w h i c h  i s  h o m o g e n e o u s  i n  b o t h  h a l f - s p a c e s ,  b u t  

c h a n g e s  i t s  d i r e c t i o n  a t  t h e  t r a n s i t i o n  t h r o u g h  x  =  0 .  

S u c h  m o t i o n  i s  r e a l i z e d  n e a r  a  p l a n e - p a r a l l e l  p l a t e  

c r e a t i n g  h o m o g e n e o u s  g r a v i t y .  I f  a  s m a l l  o r i f i c e  i s  

d r i l l e d  i n  t h e  p l a t e ,  t h e  p o i n t  m a s s  w i l l  b e  a t t r a c t e d  t o  

t h e  o t h e r  s i d e  o f  p l a t e  w h e n  p a s s i n g  t h e  o r i f i c e .

T h e  s y s t e m  o f  2 n d  t y p e  ( 6 )  h a s  a  p o t e n t i a l  w e l l  i n  t h e  

r e g i o n  —  1  <  X  <  1 .  I f  t h e  w e l l  i s  r e s t r i c t e d  b y  r e f l e c t i n g  

w a l l s ,  t h e  m o t i o n  w i l l  b e  c o n c e n t r a t e d  i n s i d e  t h i s  a r e a .  

I f  t h e  p o t e n t i a l  i s  p u t  t o  z e r o  a t  |X | >  1 ,  t w o  b a r r i e r s  

a p p e a r  a t  t h e  w e l l  e d g e s .  A  p a r t i c l e  w i t h  l a r g e  e n o u g h  

e n e r g y  r e a l l y  l e a v e s  t h e  w e l l  a n d  “ d i s a p p e a r s ” .
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T h e  s i m p l e s t  s y s t e m  o f  t h e  3 r d  k i n d  i s  s h o w n  i n  

F i g .  5 .  T h e r e  i s  a  c o n s t r a i n t :  t h e  m a s s  c a n  s l i d e  o n l y  

a l o n g  a  g u i d e  b a r .  T h e  s p r i n g  i s  l i n e a r .  I t  i s  u n s t r e t c h e d  

i n  e q u i l i b r i u m .  T h e  e q u a t i o n  o f  m o t i o n  o f  t h e  m a s s  

c o i n c i d e s  w i t h  E q .  ( 9 ) .

E X A M P L E S  O F  T H R E E  T Y P E S  

O F  W A V E  S Y S T E M S

A. Wave System  o f  the 1st Type: there is a Singularity

A  c u b i c  n o n l i n e a r  m e d i u m  f o r  s t r o n g  w a v e s  h a s  t h e  

f o l l o w i n g  e q u a t i o n  o f  s t a t e :  u / u 0  =  P ( p / p o ) 3 .  L e t  u ,  p  b e  

t h e  v i b r a t i o n  v e l o c i t y  a n d  p r e s s u r e .  I t  i s  c o n v e n i e n t  t o  

a p p r o x i m a t e  t h i s  c u b i c  f u n c t i o n  b y  t w o  b r a n c h e s  o f  a  

q u a d r a t i c  p a r a b o l a :  u / u 0  =  p p / p o | ( p / p o ) .  I n  m a n y  c a s e s  

i t  i s  a d e q u a t e  f o r  r e a l  w a v e  s y s t e m s ,  a n d  s o m e t i m e s  t h i s  

m o d e l  i s  c o n v e n i e n t  f o r  q u a l i t a t i v e  p h y s i c a l  a n a l y s i s .

P l a n e  w a v e s  i n  s u c h  “ q u a d r a t i c a l l y  c u b i c ”  s y s t e m s  

a r e  d e s c r i b e d  b y  t h e  e q u a t i o n  o f  R i e m a n n — H o p f  t y p e .  

T h e  s o l u t i o n  f o r  t h e  g i v e n  i n i t i a l  p r o f i l e  Ф ( т )  a t  t h e  

b o r d e r  z  =  0  o f  t h e  m e d i u m  i s  d e t e r m i n e d  b y  t h e  

i m p l i c i t  f u n c t i o n :

d u

d z - 2 Iu  § -  ^  u =  ф 1т + ji I u z
c

( 1 2 )

0 - 0

F o r  a n  i n i t i a l  h a r m o n i c  w a v e ,  i t s  s p e c t r u m  c o n t a i n s  a  

F o u r i e r  e x p a n s i o n  i n  o d d  h a r m o n i c s :

u
да

u o ^  Cn ( Z )  s i n  ( n  ю т  + Ф п  ( Z ) ) ,

n = 1

Z  = —  = в  юUoZ.
z SH c o

( 1 3 )

Cn =  [ 1 -  ( - 1  ) „ n Z

X
2

A n n E n( n Z ) +  J n (n Z )
1 1 / 2

t a n  Ф п

(  2 / к n ) -  E„ (n Z )

J n ( „ Z )

x  = 0 x n -  1

x

F i g .  5 .  Chain of masses demonstrating strongly nonlinear 
behavior.

h e r e  Z 0  =  z 0/ z SH =  ( p  /  c 2  ) ю  u0z 0. B y  p l a c i n g  t h e  s h o c k s  

i n  t h e  p r o f i l e ,  w e  c o n s t r u c t  t h e  p e r i o d i c  w a v e  s h o w n  i n  

F i g .  2 .  T h e  “ t e e t h ”  h a v e  a  t r a p e z o i d a l  f o r m ,  a s  d i s t i n c t  

f r o m  t h e  u s u a l  t r i a n g u l a r  “ s a w ”  i n  q u a d r a t i c  m e d i u m  

[ 1 ,  9 ] .  E a c h  p e r i o d  c o n t a i n s  t w o  s h o c k s :  o n e  c o m p r e s 

s i o n  a n d  o n e  r a r e f a c t i o n .  T h e  l a s t  t y p e  d o e s  n o t  e x i s t  

i n  q u a d r a t i c  m e d i a .

T o  d e s c r i b e  t h e  s h o c k  s t r u c t u r e ,  t h e  q u a d r a t i c a l l y  

c u b i c  a n a l o g u e  o f  B u r g e r s  e q u a t i o n  m u s t  b e  s o l v e d :

d V
d Z

2 d - ( I V V ) + Г  ̂ ,
2 d 0  d 0 2

V  = - ,  0  =  ю т ,  Z  =

u 0 z SH

( 1 5 )

T h i s  r e m a r k a b l e  e q u a t i o n  c a n  b e  r e d u c e d  t o  a  l i n e a r  

f o r m  a n d  s o l v e d  e x a c t l y .

O n e  o f  t h e  p r i n c i p a l  e x a c t  s o l u t i o n s  d e s c r i b e s  a  s t a 

b l e  c o m p r e s s i o n  s h o c k :

V =

2
a

0 * - 0 o
2 Г  '

1  -  a l
0 * - 0 o

2 Г  '

1

- д а  <  0 *  <  0 ;  V  = a 1  +  V 2 t a n h  (  a J 2  0 Г

( 1 6 )

0 o  < 0 *  <  д а .

H e r e  J„, E„ a r e  t h e  B e s s e l  a n d  W e b e r  f u n c t i o n s .

I t  i s  i n t e r e s t i n g  t o  c o n s t r u c t  t h e  s o l u t i o n  t o  ( 1 2 )  f o r  

t h e  d i s t a n c e s  w h e r e  t h e  w a v e  c o n t a i n s  s h o c k s .  L o o k i n g  

f o r  a  s o l u t i o n  i n  t h e  f o r m  u  =  А ^ ) Ф ( т  —  T S H ( z ) ) ,  w h e r e  

t h e  f u n c t i o n  TSH(z)  d e s c r i b e s  t h e  m o t i o n  o f  s h o c k ,  a n d  

t h e  f u n c t i o n  Ф ( т )  t h e  q u a s i - s t a b l e  s h a p e s  o f  s m o o t h  

s e c t i o n s  o f  w a v e  p r o f i l e ,  w e  f i n d :

A ( z )  =  T - V  ’  ю ( т  -  T s h ( z ) )  +  C
1  +  z / z 0

=  l n I Ф  +  Z o l Ф  ,  Ю T s н ( z )  =  - l n ( 1  +  -

V  z o

H e r e :  a  =  f J 2  - 1 ) , 0 o/ 2 r  =  - ( a V 2 ) :

x  a r c t a n ^ / 2 / 2 ) , 0 * =  ю ( т  —  T S H ( z ) ) .

T h e  s h a p e  o f  s h o c k  f r o n t  ( 1 6 )  i s  s h o w n  i n  F i g . 3  f o r  

t w o  d i f f e r e n t  v a l u e s  o f  t h e  p a r a m e t e r  Г .  B y  a n a l o g y ,  t h e  

r a r e f a c t i o n  f r o n t  c a n  b e  c a l c u l a t e d .

B. Wave System  o f  the 2„d Type: there is a Divergence 
fo r  Strong D isturbances

O n e  s y s t e m  o f  s u c h  t y p e  i s  w e l l - k n o w n  [ 9 ] .  I t  i s  t h e  

E a r n s h o w  e q u a t i o n  d e s c r i b i n g  ( i n  L a g r a n g i a n  r e p r e 

s e n t a t i o n )  t h e  1 D  m o t i o n  o f  a  c o m p r e s s i v e  g a s :
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^  = d l l  +
d t2

d E  -(Y + 1} d 2 E

d. d x
( 1 7 )

H e r e  E i s  t h e  d i s p l a c e m e n t .  T h e  w e a k  n o n l i n e a r i t y  

c o r r e s p o n d s  t o  a  s m a l l  M a c h  n u m b e r ,  o r  s m a l l  s t r a i n  

| d £ , / d x |  1 .  I f  o n l y  t h e  m a i n  q u a d r a t i c  n o n l i n e a r i t y  i s

k e p t ,  t h e  s i m p l i f i e d  e q u a t i o n  t a k e s  i n t o  a c c o u n t  o n l y  

w e a k  n o n l i n e a r i t y  b u t  c a n  d e s c r i b e  s t r o n g l y  e x p r e s s e d  

a c c u m u l a t e d  n o n l i n e a r  p h e n o m e n a  w h i c h  a r e  s t u d i e d  

w e l l .

T h e r e f o r e ,  i t  i s  i n t e r e s t i n g  t o  d r a w  a t t e n t i o n  t o  

S N W ,  w h e n  s t r a i n  i s  c o m p a r a b l e  w i t h  u n i t y .  O n e  c a n  

s e e ,  t h a t  a t  l a r g e  n e g a t i v e  s t r a i n ,  dE /dx  <  —  1 ,  a  s i n g u 

l a r i t y  a p p e a r s  i n  e q u a t i o n  ( 1 7 ) .  I t  c o r r e s p o n d s  t o  a  

m e d i u m  d i s c o n t i n u i t y .  R e a l  f l u i d s  c o n t a i n  i m p u r i t i e s  

a n d  b r e a k s  a t  m u c h  w e a k e r  r a r e f a c t i o n s .

E q u a t i o n  ( 1 7 )  c a n  b e  s o l v e d  a n a l y t i c a l l y .  F o r  s i m 

p l i c i t y  i t  c a n  b e  r e w r i t t e n  a s

d -T  _  <L (  1 --
d T2 d x l  V  +1 d  x-

V ,  1 +  % ,
d x

т  =  c 0t. ( 1 8 )

O n e  c a n  c h e c k  t h a t  t h e  s o l u t i o n  o f  t h e  f o l l o w i n g  1 s t  

o r d e r  e q u a t i o n

d V  + I d V  _  0  E  _  y + _ l

дт V е  dx  2

( 1 9 )

w i l l  a l s o  s a t i s f y  ( 1 8 ) .  I n  p a r t i c u l a r ,  o n e  s o l u t i o n  i s  t h e  

i m p l i c i t  f u n c t i o n :  V  =  Ф ^  —  V - е т ) .  T h e  n o n l i n e a r  d i s 

t o r t i o n  o f  a n  i n i t i a l  w a v e  w i t h  2  s u b s e q u e n t  t r i a n g u l a r  

p u l s e s  i s  s h o w n  i n  F i g .  4 .

T h e  s i n g u l a r i t y  a p p e a r s  q u i c k l y  a t  dE/ dx  ^  —  1 ,  

V ^  0 ,  w h e n  t h e  m e d i u m  b r e a k s .

E q u a t i o n  ( 1 9 )  h a s  m a n y  s o l u t i o n s  w i t h  s i n g u l a r i t i e s .  

O n e  o f  t h e  s t a t i o n a r y  s o l u t i o n s  i s :  V  =  C ( x  —  x 0 ) - 1 / Y .

S i n g u l a r  s o l u t i o n s  a r e  k n o w n  a l s o  f o r  “ s t a n d a r d  

e q u a t i o n s ”  i n  t h e  t h e o r y  o f  W N W .  F o r  e x a m p l e ,  t h e  

u s u a l  B u r g e r s  e q u a t i o n  h a s  s u c h  s i n g u l a r  s o l u t i o n s :

d V + Vd -V _ r d -V U  V = - 2 Г - , 
d t dx x  -  x0’

dx  0 ( 2 0 )

V  _ -  t a n -

x  -  x  0

- 2 r _

T h e  b e h a v i o r  o f  s i n g u l a r i t i e s  s h o w s  p a r t i c l e — l i k e  

p r o p e r t i e s .  T h e y  a r e  s t a b l e  a n d  c a n  i n t e r a c t  w i t h  e a c h  

o t h e r .  K o r t e w e g — d e  V r i e s  a n d  m a n y  o t h e r  w e l l - k n o w n  

e q u a t i o n s  h a v e  s i m i l a r  s o l u t i o n s .  I t  i s  o f t e n  s u p p o s e d  

t h a t  s i n g u l a r  s o l u t i o n s  h a v e  n o  p h y s i c a l  m e a n i n g .  

N e v e r t h e l e s s ,  i t  i s  i n t e r e s t i n g  t o  u n d e r s t a n d  h o w  a  s i n 

g u l a r i t y  f o r m s  a n d  w h a t  p h e n o m e n a  t h a t  c a n  c a n c e l  i t .

C . Wave System o f  the 3rd Type: there is  N o  L in e a r  Term

C o n s i d e r  a  c h a i n  o f  m a s s e s .  E a c h  m o v e s  a l o n g  a  

p a r a l l e l  b a r  p l a c e d  a t  t h e  s a m e  d i s t a n c e  a  f r o m  o n e  

a n o t h e r  ( s e e  F i g .  5 ) .  I t  i s  t h e  g e n e r a l i z a t i o n  o f  t h e  s i n 

g l e  o s c i l l a t o r  ( 9 )  f o r  s p a t i a l l y  d i s t r i b u t e d  s y s t e m  [ 8 ] .  I f  

i n  e q u i l i b r i u m  s t a t e  a l l  s p r i n g s  a r e  u n - t e n s e d ,  t h e  l i n 

e a r  r e g i m e  d o e s  n o t  e x i s t .  N o n l i n e a r i t y  c o m p l e t e l y  

d e t e r m i n e s  t h e  m o t i o n  e v e n  a t  i n f i n i t e s i m a l l y  s m a l l  

a m p l i t u d e s .  S u c h  v i b r a t i o n s  c a n  e v i d e n t l y  b e  c o n s i d 

e r e d  a s  s t r o n g l y  n o n l i n e a r ,  a n d  a n a l y t i c a l  p e r t u r b a t i o n  

m e t h o d s  b a s e d  o n  p r o x i m i t y  t o  l i n e a r  s y s t e m  a r e  n o t  

a p p l i c a b l e .  O n e  n e e d s  e x a c t  o r  n u m e r i c a l  s o l u t i o n s .  

B e c a u s e  t h e  s t i f f n e s s  c o e f f i c i e n t  k  o f  t h e  s p r i n g  i s  a  

c o n s t a n t ,  t h e  “ p h y s i c a l ”  n o n l i n e a r i t y  i s  a b s e n t  h e r e .  

T h i s  n o n l i n e a r i t y  c a n  b e  n a m e d  a s  “ g e o m e t r i c a l ” ,  b y  

a n a l o g y  w i t h  n o n l i n e a r  a c o u s t i c s .

T h e  e q u a t i o n  o f  m o t i o n  o f  a  m a s s  o f  n u m b e r  n i n  

t h e  c h a i n  i s :

d x n

dt2
- T  [(xn -  xn -  1 )3 -  (xn + 1 -  xn)3
2  a

( 2 1 )

I n  t h e  c o n t i n u u m  a p p r o x i m a t i o n ,  p u t t i n g  x n =  x (z ), 
x n + 1 =  x ( z  +  a ) ,  x n -1 =  x ( z  —  a ) ,  a  <  X , o n e  c a n  r e d u c e  

t h e  d i f f e r e n t i a l - d i f f e r e n c e  e q u a t i o n  ( 2 1 )  t o  a  n o n l i n 

e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n :

d j Z  _  p c - j Z -  z  -  dx  n  _  3 k  a 2  

d t2 3  d z2 ’ dz  2 m a
( 2 2 )

I n t e r e s t i n g l y ,  e q u a t i o n  ( 2 2 )  h a s  a  s o l u t i o n  d e s c r i b 

i n g  s t a n d i n g  w a v e s ,  b u t  t r a v e l i n g  w a v e s  a p p e a r  o n l y  f o r  

s p r i n g s  w h i c h  a r e  t e n s e d  i n  e q u i l i b r i u m .  T h e  p r o p a g a 

t i o n  v e l o c i t y  i n c r e a s e s  w i t h  i n c r e a s e  i n  t e n s i o n .

E q u a t i o n  ( 2 2 )  h a s  r e m a r k a b l e  p r o p e r t i e s .  F i r s t ,  i t  

p e r m i t s  t h e  s e p a r a t i o n  o f  v a r i a b l e s .  S e c o n d ,  i t  c a n  b e  

r e d u c e d  t o  a  l i n e a r  f o r m  u s i n g  n e w  i n d e p e n d e n t  v a r i 

a b l e s :

n _  f t , Z _  d x ; t _  T ( n , Z ) , z  _  Z ( n , Z ) .

T h e  c o r r e s p o n d i n g  l i n e a r  e q u a t i o n  r e a d s :

c h r  _  o Z 2 d h r  
- >2 -  2.

Z d  n

T h i r d ,  i t s  s o l u t i o n s  c a n  b e  f o u n d  b y  s o l v i n g  t h e  1  

o r d e r  e q u a t i o n :

( 2 3 )

( 2 4 )

st__

I -  =  ± J I Z I  f , ( 2 5 )

d t d z

w h i c h  d i f f e r s  o n l y  i n  n o t a t i o n s  f r o m  e q u a t i o n  ( 1 2 )  

c o n s i d e r e d  a b o v e .

W h e n  t e s t i n g  e x p e r i m e n t a l l y  t h e  s t r o n g l y  n o n l i n e a r  

v i b r a t i o n s  o f  t h e  c h a i n  i n  F i g .  5 ,  t h e  f r i c t i o n  b e t w e e n  

m a s s e s  a n d  g u i d i n g  b a r s  m u s t  b e  m i n i m i z e d .  T h i s  w a s  

p e r f o r m e d  t h r o u g h  a  c h a i n  o f  r o t a t i n g  d i s k s  w h i c h  a r e  

d e s c r i b e d  b y  t h e  s a m e  e q u a t i o n s  [ 8 ] .  T h e  s p r i n g s  a r e ,  

a s  b e f o r e ,  g o v e r n e d  b y  t h e  l i n e a r  H o o k e ’ s  l a w .  A  p h o t o  

o f  t h e  d i s k s  a n d  c o r r e s p o n d i n g  s c h e m e  a r e  s h o w n  i n  

F i g .  6 .

E x p e r i m e n t s  w i t h  t h e  c h a i n  s h o w n  i n  F i g .  6  d e m 

o n s t r a t e d  s o m e  p e c u l i a r  p r o p e r t i e s  o f  s t r o n g l y  n o n l i n 

e a r  d y n a m i c s  [ 8 ] .
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Fig. 6. The chain of disks performing strongly nonlinear torsion vibrations.

S T R O N G  N O N L I N E A R I T Y  

A N D  L O C A L I Z A T I O N

S N W  i s  a s s o c i a t e d  w i t h  l o c a l i z a t i o n  o f  e n e r g y .  T h i s  

i s  i n  t u r n  c o n n e c t e d  t o  s p a t i a l  a n d  t e m p o r a l  f o c u s i n g ,  

c o l l a p s e  a n d  c u m u l a t i o n .

S i g n i f i c a n t  l o c a l i z a t i o n  h a p p e n s  w h e n  a  s t e a m / g a s  

b u b b l e  i n  a  l i q u i d  c o l l a p s e s .  T h e  l i g h t  r a d i a t e d  b y  t h e  

a i r  b u b b l e  c o l l a p s i n g  i n  w a t e r  u n d e r  i n f l u e n c e  o f  s o u n d  

( s o n o l u m i n e s c e n c e )  w a s  d i s c o v e r e d  i n  1 9 3 4  [ 1 0 ] .  T h e  

s o n o l u m i n e s c e n c e  o f  a  s i n g l e  b u b b l e  i n  t h e  f o c a l  a r e a  

o f  a n  u l t r a s o n i c  t r a n s d u c e r  w a s  o b s e r v e d  i n  1 9 9 2  [ 1 1 ] .  

A c c o r d i n g  t o  e s t i m a t i o n s ,  t h e  t e m p e r a t u r e  o f  p l a s m a  

i n  b u b b l e s  w a s  o f  o r d e r  o f  2 5  0 0 0  K .  B y  i n c r e a s i n g  t h e  

i n i t i a l  r a d i u s  o f  t h e  b u b b l e  a n d  r e a c h i n g  t h e  i d e a l  

s p h e r i c a l  s y m m e t r y  o f  c o l l a p s e ,  i t  i s  p o s s i b l e  t o  a c h i e v e  

a n  e v e n  g r e a t e r  i n c r e a s e  i n  t e m p e r a t u r e  a n d  p r e s s u r e .  

H o w e v e r ,  t h e  t r u e  l i m i t  o f  s u c h  l o c a l i z a t i o n  i s  s t i l l  

u n k n o w n  [ 1 2 ,  1 3 ] .

I n c r e a s e  i n  e n e r g y  d e n s i t y  u s u a l l y  h a p p e n s  i n  

s t a g e s .  T h e  g r o w t h  a t  e a c h  s t a g e  i s  l i m i t e d  b y  n o n l i n e a r  

s a t u r a t i o n  o r  b y  i n s t a b i l i t y .  T h i s  i d e a  w a s  f o r m u l a t e d  

b y  Z a b a b a k h i n  a s  “ H y p o t h e s i s  o f  i n s t a b i l i t y  o f  c u m u 

l a t i o n ”  ( 1 9 6 5 ) :  “ E a c h  u n l i m i t e d  c u m u l a t i o n  i s  u n s t a 

b l e ;  i n s t a b i l i t y  n o t  o n l y  m o d i f i e s  i t ,  b u t  e l i m i n a t e s  i t  

c o m p l e t e l y  ( i s  t r a n s f o r m e d  t o  l i m i t e d  c u m u l a -  

t i o n ) . . . T h i s  i s  a n  i n t u i t i v e  i d e a ”  [ 1 3 ] .

C o n s i d e r ,  f o r  e x a m p l e ,  h o w  o n e  c a n  a c c u m u l a t e  

h i g h  d e n s i t y  o f  e n e r g y  a n d  c r e a t e  S N W  i n  a n  a c o u s t i c  

r e s o n a t o r .  I n  t h e  f i r s t  s t a g e  i t  i s  n e c e s s a r y  t o  i n c r e a s e  

t h e  Q - f a c t o r  o f  t h e  r e s o n a t o r .  B e c a u s e  Q  i s  t h e  r a t i o  o f  

t h e  a m p l i t u d e  o f v i b r a t i o n  i n s i d e  t h e  r e s o n a t o r  a n d  t h e  

a m p l i t u d e  o f  v i b r a t i o n  o f  t h e  e x t e r n a l  s o u r c e  o f  e n e r g y ,  

a t  Q >  1  t h e  i n t e r n a l  v i b r a t i o n  c a n  b e  a m p l i f i e d  m a n y  

t i m e s .  T h e  “ W o r l d  r e c o r d ”  n o w  e q u a l s  a p p r o x i m a t e l y  

Q  ~  1 0 9  [ 1 4 ] .  A t  Q  >  1  n o n l i n e a r  p h e n o m e n a  a r e  m o r e  

p r o n o u n c e d .  H o w e v e r ,  n o n l i n e a r  s t e e p e n i n g  l e a d s  t o  

s h o c k  f o r m a t i o n  a n d  t o  n o n l i n e a r  a b s o r p t i o n .  C o n s e 

q u e n t l y ,  t h e  Q - f a c t o r  f a l l s  d o w n  d r a m a t i c a l l y .

A t  t h e  s e c o n d  s t a g e ,  t h e  s h o c k  w a v e  f o r m a t i o n  h a s  

t o  b e  s u p p r e s s e d  i n  o r d e r  t o  i n c r e a s e  t h e  e n e r g y .  A t  

l e a s t  3  m e t h o d s  a r e  k n o w n  f o r  t h a t  [ 1 4 ] .  ( i )  O n e  c a n  

a r t i f i c i a l l y  i n t r o d u c e  p h a s e  s h i f t s  b e t w e e n  h a r m o n i c s .  

I t  i s  p o s s i b l e ,  f o r  e x a m p l e ,  t o  m a k e  a  w a l l  w i t h  a  f r e 

q u e n c y  d e p e n d e n t  r e f l e c t i o n  c o e f f i c i e n t .  D i s c r e p a n 

c i e s  b e t w e e n  t h e  p h a s e d  h a r m o n i c s  f o r m i n g  t h e  s h o c k  

f r o n t  d i s p e r s e  t h e  f r o n t  a n d  d e c r e a s e  t h e  n o n l i n e a r  

l o s s e s .  ( i i )  P h a s e  s h i f t s  c a n  b e  i n t r o d u c e d  u s i n g  a  c o m 

p l i c a t e d  s h a p e  o f  t h e  c a v i t y .  I t  c a n  b e  c o n i c a l ,  

b u l b o u s  o r  s i m i l a r .  I n  g a s - f i l l e d  c a v i t i e s ,  a n  a c o u s t i c  

p r e s s u r e  o f  s e v e r a l  a t m o s p h e r e s  w a s  c r e a t e d .  ( i i i )  T h e  

t h i r d  m e t h o d  u s e s  s e l e c t i v e  a b s o r b e r s  f o r  t h e  2 n d  h a r 

m o n i c s .  I n  o n e  e x p e r i m e n t ,  o n e  w a l l  w a s  t r a n s p a r e n t  

f o r  t h e  2 n d  h a r m o n i c s  b u t  r e f l e c t e d  t h e  f u n d a m e n t a l  

f r e q u e n c y  w a v e .  S h o c k s  c o u l d  n o t  f o r m  a n d  t h e  Q - f a c -  

t o r  i n c r e a s e d .

C o n s e q u e n t l y ,  s e v e r a l  m e t h o d s  e x i s t  t o  s t o p  b o t h  

l i n e a r  a n d  n o n l i n e a r  l o s s e s  a n d  i n c r e a s e  t h e  Q - f a c t o r  

a n d  i n t e r n a l  e n e r g y .

T h e  t h i r d  s t a g e  i s  n e x t .  W h e n  t h e  s h o c k  f r o n t  f o r 

m a t i o n  h a s  b e e n  s t o p p e d ,  t h e  b o u n d a r y  n o n l i n e a r i t y  

c a u s e d  b y  t h e  d i s p l a c e m e n t  o f  a  m o v a b l e  w a l l  s t a r t s  t o  

p l a y  a  d e t e r m i n i n g  r o l e .  T o  c o n t i n u e  t o  p u m p  e n e r g y  

i n t o  t h e  r e s o n a t o r ,  o n e  h a s  t o  m o d i f y  t h e  v i b r a t i o n  o f  

t h e  b o u n d a r y .  A t  w e a k l y  e x p r e s s e d  n o n l i n e a r i t y  t h e  l a w  

m u s t  b e  h a r m o n i c ,  b u t  a t  s t r o n g l y  e x p r e s s e d  n o n l i n 

e a r i t y  t h e  w a l l  m u s t  p e r f o r m  s h o r t  a n d  p h a s e d  “ j e r k s ” .

T h e  f o u r t h  s t a g e .  I f  w e  h a v e  b e e n  a b l e  t o  o v e r c o m e  

b o t h  s h o c k  f o r m a t i o n  a n d  b o u n d a r y  n o n l i n e a r i t y ,  w e  

c o u l d  m e e t  a  n e w  n o n l i n e a r  p h e n o m e n a  a t  f u r t h e r  

p u m p i n g  o f  e n e r g y ,  o r  t h e  m e d i u m  w i l l  b e  d e s t r o y e d .  A  

m o r e  d e t a i l e d  d e s c r i p t i o n  o f  h i g h - p o w e r  w a v e s  i n  r e s 

o n a t o r s  i s  g i v e n  i n  [ 1 4 ] ,  C h . 1 1 .

C o r r e s p o n d i n g  s t a g e s  c a n  b e  f o u n d  i n  c u b i c  r e s o 

n a t o r s ,  a t  s t r o n g  f o c u s i n g  o f  w a v e  b e a m s ,  a t  f o r m i n g  o f  

e x t r e m e l y  s t r o n g  l a s e r  f i e l d s ,  a n d  i n  o t h e r  p r o b l e m s  

c o n n e c t e d  w i t h  S N W .
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C O N C L U S I O N S

R e s u l t s  g i v e n  a b o v e  w e r e  p r e l i m i n a r i l y  d i s c u s s e d  

d u r i n g  S c i e n t i f i c  s c h o o l  “ N o n l i n e a r  W a v e s — 2 0 1 2 ”  

( N i z h n i  N o v g o r o d  [ 1 5 ] )  a n d  I n t e r n a t i o m a l  C o n g r e s s  

o n  A c o u s t i c s  ( M o n t r e a l ,  C a n a d a  [ 1 6 ] ) .  T h e s e  r e s u l t s  

a r e  c o n n e c t e d  w i t h  t h e  p r o b l e m  o f  q u a d r a t i c a l l y  c u b i c  

n o n l i n e a r  s y s t e m s  d e s c r i b e d  i n  r e v i e w  [ 1 7 ] .  F o l l o w i n g  

c o n c l u s i o n s  c a n  b e  d r a w n :

— I t  i s  e x p e d i e n t  t o  d i s t i n g u i s h  b e t w e e n  s t r o n g l y  

n o n l i n e a r  w a v e s  ( S N W )  a n d  w a v e s  w i t h  s t r o n g l y  

e x p r e s s e d  w e a k  n o n l i n e a r i t y  ( W N W ) .

— T h e  S N W  h a v e  b e e n  s t u d i e d  m u c h  l e s s  t h a n  

W N W .

— I t  i s  i n t e r e s t i n g  t o  a n a l y z e  n e w  n o n l i n e a r  m o d e l s  

a n d  t h e  n e w  p h y s i c a l  p h e n o m e n a  o f  s t r o n g  w a v e  f i e l d s .

— T h e  c r e a t i o n  o f  S N W  i s  c o n n e c t e d  w i t h  t h e  

p r o b l e m  o f  n o n l i n e a r  l o c a l i z a t i o n  o f  e n e r g y .  T h e  

i n c r e a s e  i n  e n e r g y  a n d  m a t t e r  d e n s i t y  d u r i n g  l o c a l i z a 

t i o n  u s u a l l y  c o n s i s t s  o f  s e v e r a l  s t a g e s  b o u n d e d  b y  n o n 

l i n e a r  s a t u r a t i o n  o r  b y  t h e  d e v e l o p m e n t  o f  a n  i n s t a b i l 

i t y .

A C K N O W L E D G M E N T S

T h e  w o r k  i s  s u p p o r t e d  b y  t h e  M e g a - g r a n t  o f  R u s 

s i a n  G o v e r n m e n t  N o .  1 1 . G 3 4 . 3 1 . 0 6 6  a n d  b y  P r e s i d e n t  

G r a n t  f o r  l e a d i n g  s c i e n t i f i c  s c h o o l .  I t  i s  s u p p o r t e d  a l s o  

b y  R F B R  a n d  t h e  K K  F o u n d a t i o n  ( S w e d e n ) .
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