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Abstract—The transfer matrix method was used to analyze the acoustical properties of stepped acoustic reso
nator in the previous paper. The present paper extends the application of the transfer matrix method to ana
lyzing acoustic resonators with gradually varying cross-sectional area. The transfer matrices and the resonant 
conditions are derived for acoustic resonators with four different kinds of gradually varying geometric shape: 
tapered, trigonometric, exponential and hyperbolic. Based on the derived transfer matrices, the acoustic 
properties of these resonators are derived, including the resonant frequency, phase and radiation impedance. 
Compared with other analytical methods based on the wave equation and boundary conditions, the transfer 
matrix method is simple to implement and convenient for computation.
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1. INTRODUCTION
This paper is a sequel to the previous paper [1], in 

which the transfer matrix method was applied in the 
analysis of stepped acoustic resonator, and the merits of 
this method in calculating the acoustic properties of 
stepped acoustic resonator were revealed. Compared 
with other analytical methods based on the wave equa
tion and boundary conditions, the transfer matrix 
method is simple to implement and convenient for com
putation. Based on the derived transfer matrix method, 
important acoustic properties of stepped acoustic reso
nator, such as the resonant frequency, phase and radia
tion impedance, were calculated quite efficiently.

A stepped acoustic resonator is composed of two or 
more sub-tubes with different diameters and has one or 
more abrupt variations of cross-sectional area in the axial 
direction. With such a simple geometric construction, 
the stepped acoustic resonator can be manufactured eas
ily and cheaply. However, with the increase of sound 
pressure level, especially when the sound field becomes 
nonlinear, much more energy loss occurs at the location 
of abrupt variation of cross-sectional area compared with 
that in a smooth transition with gradually varying cross
sectional area. Hence a sub-tube with gradually varying 
cross-sectional area is often inserted between two sub
tubes with different diameters to reduce energy loss, and 
the stepped acoustic resonator is transformed into a 
stepped acoustic resonator with gradually varying cross
section along the axial direction [1—5].

In practice, four types of gradually varying geometric 
shape are commonly used: tapered, trigonometric, expo

1 The article is published in the original.

nential and hyperbolic [6, 7]. Among these four types of 
variation, the tapered variation is the easiest type for 
manufacture. Even though, compared with stepped 
acoustic resonators with abrupt cross-section, the manu
facturing of all types of gradually varying resonators is 
time-consuming, especially for large-size resonators. 
Nonetheless, in order to obtain standing waves with long 
wavelength and large amplitude, a stepped acoustic reso
nator with gradually varying cross-sectional area in the 
axial direction is a good choice [2—5].

This paper extends the transfer matrix method to ana
lyzing four types of acoustic resonators with gradually 
varying cross-sectional areas. For brevity, the four types 
of variation are labeled as “tap”, “tri”, “exp”, and “hyp” 
in the following figures, equations and tables. This paper 
is organized as follows: firstly, the mathematical repre
sentations of each type of shape variation and the sound 
field in each types of sub-tube are introduced in section 2; 
next, the transfer matrix and the resonant condition for 
each type of acoustic resonator are derived in section 3; 
then, based on the derived transfer matrix, the acoustic 
properties of each type of acoustic resonator are calcu
lated, such as the resonant frequency, phase and radia
tion impedance in section 4 and 5; finally, conclusions 
are given in section 6.

2. GRADUALLY VARYING SHAPE 
AND SOUND FIELD

2 . 1 .  G r a d u a l l y  V a r y i n g  G e o m e t r i c  S h a p e

Four types of gradually varying geometric shape: 
taper, trigonometric function, exponential form and 
hyperbola, are shown in Fig. 1. The cross-sectional
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Fig. 1. Gradual geometric shapes: (a) tapered, (b) trigonometric, (c) exponential, and (d) hyperbolic.

area S  ( x ) at location x  in the axial direction of any 
gradual shape is mathematically described by [6, 8]

S (x ) = A f  (x, 5), (1)

where A  is an undetermined constant and 5 is the shape 
factor. The radius of the cross sectional area at x is r  ( x ) 
and the diameter is d  ( x ). The specific cross-sectional area 
S  ( x ) and shape factor 5 for the four types of variation 
under consideration are shown in Table 1.

2 . 2 .  S o u n d  F i e l d

The sound field p  (x, t ) in an acoustic sub-tube 
with cross-sectional area S  ( x ) is governed by the 
Webster horn equation [8]

d 2P ( x, t )  + 
d x 2

d l n S ( x )  

d x

d p  (x, t ) =  1 d 2 p  (x, t ) 
d x  c 0  d t 2

(2)

Let e  be the angle frequency and p  ( x ,  t ) =  p  ( x  ) e j a t , 
and we have

[ B  ( x )  =  V r  ( x ) ,

[ k 2 =  k 2 - r ( x ) ' ' / r ( x ) ,
(4)

where к  is the wave vector. Consequently, the particle 
velocity is

V ( x, t ) = - ^  f 3 1 ^ x B  >] d t  

P 0

EAl f 
p0 f

d  x

d  [ e i ( - K x ) B  ( x ) '
(5)

d x
d t .

Equations (3) and (5) give the general expression 
for the acoustic pressure p  (x, t) and particle velocity 
v  (x, t) in a gradually varying acoustic sub-tube, 
respectively. For each kind of variation, the expres
sions of acoustic pressure p  (x, t ) and particle velocity 
v  (x, t) are then derived:

Tapered

Ptap (x  t) = PA)P l1 -  5tapx)-1 e l ( ~kX)
+ p AL (1 - 5 1napx ) -1 e l  +kx) (6a)

where the subscript Ai in pAi represents the forward 
traveling wave and Ar in p Ar represents the backward 
traveling wave; B (x)and K  are undetermined func
tions and satisfy

V tap ( ^ t )

tap■PAi
5 tap (1 -  5 tap x) 2 -  lk  (1 -  5 tap x) 1

tap-  PAr

jkp0C0
5tap (1 -  5tapx)-2 + lk  (1 -  5tapx)-1

eJ (et -kx)
(6b)

j (et+kx)
jkp0C0

Table 1. Shape factor 5 and cross-sectional area S  (x) of four kinds of gradually varying shape
Tapered Trigonometric Exponential Hyperbolic

5
d X=ltap d X=0tap tap r d x=0 Л / x=0 Л

2  In dexp
(  jx=0 Л

1  cosh-1 dfaypd x=ltap itap tap l x=ltritri Vd tri J
Ш l l x=lexpexp ^dexp J lhyp d̂ hyphyp y

S (x) ndtxa=pltap (1  -  5tapx)2 ndtxr=ltrl cos2 (5trix ) x—l 5 x exp expexp ndtiŷ hyp cosh2 (5 hypx)
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T rig o n o m e tr ic

P tri ( x ,  t ) = P A i  COS- 1 ( 5trix ) e J( -ktr 

' - 1 (5 tri x  ) e J ( t +k trix),
tri -

+  P A r  COS
(7 a )

v  tri ( x t ) =  - p A i

[ c o s  2 ( 5trix ) s i n ( 5trix ) 5tri - ( j k t r i ) c o s  1 ( 5triX) ]

Др(А
tri U ] ] -k] )

tri
P A r

[ c o s  2 ( 5 tr ix ) s i n ( 5 t r ix ) 5 t r i  +  ( j k t r i ) c o s  1 ( 5 t r i x ) ]

j k P ( ( C 0

tri U  e j (rat+ktrix )

w h e re  k  tri =  y j  k 2 +  5  

E xp o n e n tia l

" exp x
Pexp ( x, t )  =  p™e  2 e '"'- ‘“px|

5exp
+  pexPe 2 xe J(rat+kexpx)p A r  e  e  ,

/ ,\ exp 5exp/2 + jk exp 2 x j ( -̂ exp-v exp( x,t) =  P a{ — ^ ----------e  2 e K p
jk p  qCq

+  pexp 5 exp/2 -  jk exp e e j ( +kexpx)i” pAr e e

kexpx )

j k p  qCq

w h e re  k exp _  k 2 - ( 5 ex^ 2 ) 2

H y p e rb o lic

Phyp ( x ,  t )

( 7 b )

( 8 a )

( 8 b )

=  p Ayp { c o s h [ 5 hyp ( / hyp -  x ) ] } - 1 e (rat- khypx)

+  p Ayp { c o s h [ 5 hyp (lhyp -  x ) ] } - 1 e ( +khypx) ,

( ^) _  hyp { c o s h  [ 5 hyp (/hyp -  x ) ] }  s i n h  [ 5 hyp ( l hyp -  x ) ]  5 hyp -  j k hyp { c o s h [ 5 hyp ( l hyp -  x ) ] }  }(raf- k,
v hyp ( x , t )  _  - p A i “  e

j k P ( C (

(9 a )

-  P a ,
hyp { c o s h - [ 5 hyp ( l hyp x ) ] }  s in h  [ 5 hyp ( l hyp x ) ]  5 hyp +  ( k h y p ){c o s h  [ 5 hyp ( l hyp x ) ] }  } (rat+khypx

(9 b )

jk p Q C Q

w h e re  k hyp _  y j k 2 -  5
2
hyp.

3 . T R A N S F E R  M A T R I X  A N D  R E S O N A N T  
C O N D I T I O N

3 . 1 .  T r a n s f e r  M a t r i x

F o l lo w in g  E q . ( 3 )  a n d  E q .  ( 5 ) ,  t h e  a c o u s t ic  p re s 
s u re  a n d  p a r t ic le  v e lo c i t y  a t  tw o  p o r t s ,  i .e .  t h e  in p u t  

p o r t  a t  x  _  0  a n d  t h e  o u t p u t  p o r t  a t  x  _  l , i n  a  g r a d u 

a l l y  v a r y in g  a c o u s t ic  s u b - tu b e  c a n  b e  g iv e n  b y : x  _  0

P (0) _ M  (0) Pai + m (0) PAr, (1 0 a )

v (0) _ N (0)Pai + n (0)Pa/, (1 0 b )

x _ l

p  ( l) _ M ( l ) e ~}KIe~alpAt + m (l) e ]Ke aIpAr, ( 1 1 a )

v (l ) _ N (l) e - K e~alPM+ n ( l ) e jKle al Pa/ (1 1 b )

w h e re  M ,  m , N a n d  n a re  u n d e te r m in e d  c o e f f ic ie n ts .  
A s  a  r e s u lt ,  th e  t r a n s fe r  m a t r i x  t h a t  c o n n e c ts  t h e  tw o  
p o r t s  b e c o m e s  [1 —5 , 9 ]
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" p ( l ) '

v  ( l )_

Fpne
Fv11e

- j K l  - a le
-  j K l  - a le

. j-r j K l  a l
+  F p u e  e

. 77 j K l  a l+ F v12e  e

(  r-r — j K l  —al , r . j K l  a l  \(FP2 i e j e + FP 2 2 eJ e )
/  T7  - j K l  - a l . 77 j K l  a l \
( v2 1e J e +  Fv 2 2e e )

p  (0)
v(0) (1 2 )

where the attenuation coefficient
a  = 6.36x 10-4V7/dave and dave =(d x=0 + dx=l)/2 
[1—5, 10]. For a standing-wave resonator,
M  (0) = m (0) and M (l) = m (l), so the coefficients in 
matrix (12) are

M (l) M  (0)-1 = M (l) M  (0)-1
1 -  N (0)n (0)- r  p12 1 -  n (0 )N (0)-1,

= M (l) = M (l)
n ( 0 ) - N (0 ) p22 N ( 0 ) - n (0)’

and

F = N (l ) m (0)-1 = n (l ) M  (0)-1
1 -  N (0)n (0) 1 1 -  n (0 )N (0) 1

F = N (l) n (0)-1 р  = n (l ) N (0)-1
v21 1 -  N (0)n(0)-1’ v22 1 -  n (0)N (0)- r

Based upon the matrix in Eq. (12), the transfer 
matrix for each kind of area variation is derived:

Tapered

-

-
F F e  jkltape atapltap + F F e jkltapeatapltap \ F F e  jkltape atapltap + F F ejkltap/?a tapltap F AipF vie  e  I F ArpF v re  e  I F AivF vie  e  ~T~ F ArvF v re

- ArpL pc 

qArpFv re

e

pe

p tap ( l  tap ) 

_v tap ( l tap ) _

)

)

F F e  jkltape atapltap + F F e jkltapeatapltap \ F F e  jkltape atapltap + F F ejkltâ >atapltapAip1 p̂   ̂ ArpF J -L Aiir̂  • -*- Arir̂  p-AivA pe 

Aiv Fvie

e

pe~
ArvL pe 

qArv Fv re

e

pe
p tap ( 0 )  

v  tap ( ° ) .

(1 3 )

where

F  =  ( 5 tap +  j k )  1

A ip '  L ( S „ p - д Г  .

-1 - 1

F  =  j k p 0C 0 F

( - 5tap -  J 4

F =F Arp ( - Stap -  j )  -  1  

( - 5  tap +  j k )

- 1

, F aArv = jkp 0c0

( -5 tap + jk )
FArp

F p  =  ( 1  5  tapl  tap ) ,

F,rf
=  [ - 5  tapFp2 +  j k F p  ]  =  [ - 5  tapF p 2 -  j k F p  ]

j k p c  ’ vr j k p 0 C 0

T rig o n o m e tr ic

p tri ( l tri ) 

v tri ( l tri ) _

where

( f  tr ie jk tril trie a tril tri +  f  tr ie jk tril trie a tril tri) ( f  f  tr ie jk triltrietrî  atriltri   F F trie jktriltxie atriltxi ]F AvF p e e J
j—T LllFv, e

F  triE, - jktriltr̂ ,-a triltri _L F vr A>jkltriA> a triltri+  —^  e ' ” •‘“ e " 
2

(FavFvtrL jktriltrî  a triltri -  F , ^  e-1- A ^- v r ^
tri Jktnltris>a triltri ̂

p tri (0)
v tri (0).

,(14)

Fav = k  p 0C 0 _

k tri c o s  ( 5 tr il tri )

0  f  tri = ■

F tri =
|^c o s  ( 5  tr il  tri ) s in  ( 5  tr il  tri ) 5  tri ( j k  t r i ) c o s  ( 5  tr il  tri )J

j k p c
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F t

E xp o n e n tia l

[ c o s  ( 6  tri^tri ) s in  ( 6  tri^tri ) 6  tri +  ( j k tri ) c o s  ( 6  tri^ tri )J

jk p o C o

Pexp (/exp )

_v exp (/exp ) _

F A i i F A r  -  F A i ) 1 e

£/ - j k /‘exp ŷexpexp _/-y J êxpej

—.exp/ + ,-k /_ / _ _ N-1 т ‘exp̂-Ẑexp'exp a /
+ FAr ( i -  FAr ) 1 e 2 eaexp/exp

6expi -jk /i - ‘exp ŷexpexp —a /
(Fa,--FAr) 1 e  2 e “exp'exp

F 2 i ( F A r  -  F a , ) 1 e

p / - ; k /exp exp exp exp ex

_ V

—.exp/ + ,-k /r _ _ . -1 ,, ‘expŵexp'exp a /
+ FA2r (Fa, -  FAr ) 1 e 2 ea exp/exp.

+  ( а г  -  F a , ) 1 e  2

F a , { F a , -  F A r )  e

6expi + ,-k /r. ‘ex̂ /'vex7e?

6expi - ,-k /. ‘exp ŷexpexp _/-y /2 „ êxp‘ex

w h e re

F a , =

+ FAr [FAr -  Fa,—1 e 2 

6

_6exp/ + ., /1 . ‘exp̂-Ẑexp'exp <-у /exp ex

p exp ( 0 )  

_V exp ( 0 ).

Г  +  jk e x p  У F  _  l  2
, F A r  _

^  -  jkexp

jkp0C0 jkp0^0
H y p e rb o lic

p hyp ( / hyp ) 

F  hyp ̂hyp

[c o s h  ( 6  hyp^hyp ^
- 1

_ Jkhyp/hyp ~ a hyp/hyp ^
+ ejkhyp/hype ahyp/hyp

1 e  jkhyp/hype a hyp/hyp

[ c o s h  ( 6  hyp/hyp ^
- 1 F vhyp

hypV Fvi
1 e'jkhyp/hype ahyp/hyp

Zp ~ Jkhyphyp ~ ahyp/hyp  ̂Fvve e
+ F hype jkhyp/hype  a hyplhypV p & V j

FVV e  jkhyp/hype ahyp/hyp ^
F hyp e-L ЛЛ

F v
hyp

hyp
V Fvi

Vp e'jkhyp/h.ype ahyp/hyp

Phyp ( 0 ) ‘ 

( 0 ).hyp

w h e re

Fvhyp _  k hyp 

k  p 0c 0

(15)

(1 6 )

F hyp _  [ c o s h  ( 6 hyp/hyp ) ]  1s in h  ( 6 hyp/hyp ) ]  6 hyp j k hyp c o s h  [ ( 6 hyp/hyp Я
F vp ~

j k p 0 C 0

- 1

F  _VV [cos-h (6hyp/hyp )] 1sinh (6hyp/hyp )] 6hyp + jk hyp cosh [(6hyp/hyp)]
jkp  0C0 ’

3 . 2 .  R e s o n a n t  C o n d i t i o n

L e t  th e  a c o u s t ic  r e s o u rc e  b e  m o u n te d  a t  t h e  o p e n  

e n d  o f  th e  in p u t  p o r t  a t  x  _  0 .  S in c e  th e  o u t p u t  p o r t  a t  

x  _  /  is  a  c lo s e d  e n d ,  s u c h  a  s u b - tu b e  is  a n  a c o u s t ic  
r e s o n a to r / s ta n d in g - w a v e  tu b e  w i t h  g r a d u a l ly  v a r y in g  
c r o s s - s e c t io n a l  a re a . F o r  a  g r a d u a l ly  v a r y in g  a c o u s t ic

r e s o n a to r  w h o s e  le n g th  is  r o u g h ly  o d d  t im e s  o f  a  q u a r 
te r  o f  t h e  w a v e  le n g th  a n d  w i t h o u t  c o n s id e ra b le  a c o u s 

t ic  a t te n u a t io n ,  w e  h a v e  p  ( 0 )  _  0  a n d  v  ( / ) _  0  i n  th e  

t r a n s fe r  m a t r i x  E q . (1 2 )  w h e n  t h e  s o u n d  f ie ld  is  r e s o 
n a n t .  A s  a  r e s u lt ,  t h e  r e s o n a n t  c o n d i t io n  is  [1 ,  5 ]

F v 2 1 e - J K / +  F v 2 2 e J K  _  0 .  (1 7 )
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Table 2. Resonant conditions for gradually varying acoustic resonators with length of about odd times of a quarter of the 
wavelength

Tapered Trigonometric Exponential Hyperbolic

On (kltap) O ,
5 tap1tap

kltap
k ■

ОП (ktriltri) = -  - co t (5 triltri)
5  tri

2 k
tan (kexplexp ) =

5exp
cosh (5hyplhyp) t;an ( hyplhyp) = khZ£

0  hyp

T h e  r e s o n a n t  c o n d i t io n  c a lc u la te d  w i t h  E q . (1 7 )  f o r  

e a c h  g r a d u a l ly  v a r y in g  a c o u s t ic  r e s o n a to r  is  g iv e n  i n  

T a b le  2 . S in c e  a l l  t h e  d e r iv e d  r e s o n a n t  c o n d i t io n s  a re  

t r a n s c e n d e n ta l  e q u a t io n s ,  th e s e  a c o u s t ic  re s o n a to rs  

a re  d is s o n a n t .  H e n c e ,  th e s e  g r a d u a l ly  v a r y in g  a c o u s t ic  

r e s o n a to rs  c o u ld  b e  u s e d  to  o b ta in  a  h ig h - a m p l i t u d e  

a c o u s t ic  s ta n d in g - w a v e  f ie ld  [1 —5 ].

4 . T R A N S F E R  F U N C T I O N  A N D  P H A S E

I n  t h is  s e c t io n ,  th e  t r a n s fe r  f u n c t io n s  a n d  p h a s e s  o f  

th e  f o u r  k in d s  o f  g r a d u a l ly  v a r y in g  a c o u s t ic  r e s o n a to r  

a re  c o m p u te d  n u m e r ic a l ly .

I n  t h e  p re v io u s  p a p e r ,  t h e  t r a n s fe r  f u n c t io n  o f  
s o u n d  p re s s u re  ( S P T F )  o f  a  g r a d u a l ly  v a r y in g  a c o u s t ic  
r e s o n a to r  w a s  d e f in e d  as [1 —5 ]

H  =  2 0 lo g P ( l )  

P  ( 0 )
L  ( l ) - L  ( 0 ) , (1 8 )

w h e re  L  ( 0 )  is  th e  a c o u s t ic  p re s s u re  a t  t h e  in p u t  p o r t  

( x  =  0 )  a n d  L  ( l )  is  t h a t  a t  t h e  o u t p u t  p o r t  ( x  =  l ) .

I n  th e  n u m e r ic a l  s im u la t io n  i n  t h is  s tu d y ,  f o u r  
g ra d u a l ly  v a ry in g  a c o u s tic  re s o n a to rs  a re  c o n s id e re d , 
w h ic h  h a v e  th e  s a m e  d ia m e te r  a t  th e  in p u t  p o r t  (4 9  m m )  
a n d  t h e  s a m e  d ia m e te r  a t  t h e  o u t p u t  p o r t  (1 5  m m ) ,  
a n d  th e y  a ls o  h a v e  th e  s a m e  le n g th  ( 3 3 0  m m ) .

Fig. 2. Transfer function of sound pressure (SPTF) of gradually varying acoustic resonator and two-step resonator.
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Fig. 3. Phase of gradually varying acoustic resonator and two-step resonator.

T h e  t r a n s fe r  m a t r ic e s  i n  E q . ( 1 4 ) —(1 6 )  a re  t h e n  
u s e d  to  c a lc u la te  th e  t r a n s fe r  f u n c t io n s  a n d  p h a s e s  o f  
th e  f o u r  a c o u s t ic  re s o n a to rs  w i t h  g r a d u a l ly  v a r y in g  
s h a p e s , a n d  t h e  re s u lts  o f  t h e  t r a n s fe r  f u n c t io n s  a re  
s h o w n  i n  F ig .  2  a n d  t h e  re s u lts  o f  th e  p h a s e s  a re  s h o w n  
i n  F ig .  3 . F o r  c o m p a r is o n ,  th e  t r a n s fe r  f u n c t io n  a n d  
th e  p h a s e  o f  a  tw o - s te p  a c o u s t ic  r e s o n a to r  w i t h  
a b r u p t ly  v a r ie d  c r o s s - s e c t io n a l  a re a  a re  a ls o  s h o w n  i n  
F ig .  2  a n d  F ig .  3 , re s p e c t iv e ly .  F o r  b r e v i ty ,  th e  t w o -  
s te p  a c o u s t ic  r e s o n a to r  is  la b e le d  as S ta s  [1 ,  2 ] .  T h e  
d ia m e te r  o f  o n e  s u b - tu b e  is  4 9  m m  a n d  t h a t  o f  t h e  s e c 
o n d  s u b - tu b e  is  15 m m ,  c o r r e s p o n d in g  to  th e  s iz e  o f  
th e  in p u t  p o r t  a n d  th e  o u t p u t  p o r t  o f  t h e  f o u r  s im u 
la te d  g r a d u a l ly  v a r y in g  a c o u s t ic  re s o n a to rs ,  re s p e c 
t iv e ly .  M o r e o v e r ,  b o t h  s u b - tu b e s  h a v e  th e  s a m e  le n g th  
(1 6 5  m m ) ,  so  th e  t o t a l  le n g th  o f  t h e  tw o - s te p  a c o u s t ic  
r e s o n a to r  ( 3 3 0  m m )  is  t h e  s a m e  as th e  le n g th s  o f  th e  
f o u r  g r a d u a l ly  v a r y in g  a c o u s t ic  re s o n a to rs .

F ig u r e  2  s h o w s  th a t ,  u n l i k e  th e  tw o - s te p  a c o u s t ic  
re s o n a to r ,  th e  r e s o n a n t  f r e q u e n c ie s  o f  t h e  f o u r  g r a d u 
a l l y  v a r y in g  a c o u s t ic  r e s o n a to rs  a t  t h e  p e a k s  a n d  th e  
v a lle y s  o f  S P T F  d o  n o t  d is t r ib u te  e v e n ly  i n  t h e  f r e 
q u e n c y  d o m a in .  A l t  t h e  f o u r  g r a d u a l ly  v a r y in g  a c o u s 

t ic  re s o n a to rs  a re  d is s o n a n t :  a t  p e a k  r e s o n a n t  f r e q u e n 
c ie s , t h e  le n g th  o f  t h e  r e s o n a to r  is  a b o u t  o d d  t im e s  o f  a  
q u a r te r  o f  t h e  w a v e le n g th ;  a t  v a l le y  r e s o n a n t  f r e q u e n 
c ie s , t h e  le n g th  o f  t h e  r e s o n a to r  is  a b o u t  e v e n  t im e s  o f  
a  q u a r te r  o f  t h e  w a v e le n g th .  I n  a d d i t io n ,  f o r  a l l  r e s o n a 
to rs ,  t h e  S P T F  a t  t h e  p e a k  r e s o n a n t  f r e q u e n c y  
d e c re a s e s  w i t h  f r e q u e n c y ,  a n d  f o r  e a c h  re s o n a to r ,  th e  
m a x im u m  S P T F  lo c a te d  a t  th e  f i r s t  p e a k  r e s o n a n t  f r e 
q u e n c y  e x c e e d s  4 0  d B .  F u r th e r m o r e ,  f o r  th e  tw o -s te p  
a c o u s t ic  r e s o n a to r ,  s o m e  o f  th e  S P T F s  a t  t h e  v a l le y  
r e s o n a n t  f r e q u e n c ie s  a re  z e ro ,  b u t  f o r  t h e  f o u r  g r a d u 
a l ly  v a r y in g  a c o u s t ic  re s o n a to rs ,  a l l  t h e  S P T F s  a t  v a l 
le y  r e s o n a n t  f r e q u e n c ie s  a re  g re a te r  th a n  z e ro .

F ig u r e  3 s h o w s  t h a t  f o r  a l l  r e s o n a to rs ,  in c lu d in g  th e  
tw o - s te p  a c o u s t ic  r e s o n a to r  a n d  t h e  f o u r  g r a d u a l ly  
v a r y in g  re s o n a to rs ,  t h e  a b s o lu te  v a lu e s  o f  p h a s e  a t  th e  

p e a k  r e s o n a n t  f r e q u e n c ie s  a re  a b o u t  9 0 ° ,  a n d  th o s e  a t  

t h e  v a l le y  r e s o n a n t  f r e q u e n c ie s  a re  a b o u t  0 °  o r  1 8 0 ° .

I n  a d d i t io n ,  a n  a c o u s t ic  s u b - tu b e  w i t h  ta p e re d  
s h a p e  a n d  th e  s im u la te d  s iz e s  is  a ls o  m a n u fa c tu r e d ,  
s in c e  t h is  s h a p e  v a r ia t io n  c a n  b e  m o s t  e a s ily  m a c h in e d  
a m o n g  th e  f o u r  k in d s  o f  g r a d u a l ly  v a r y in g  a c o u s t ic
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Fig. 4. Impedance of gradually varying acoustic resonator and two-step resonator: (a) amplitude, (b) real part and (c) imaginary 
part.
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re s o n a to rs .  T h e  s im u la te d  a n d  m e a s u re d  a c o u s t ic  
p r o p e r t ie s  o f  a  s te p p e d  a c o u s t ic  r e s o n a to r  f o r m e d  b y  
th e  s u b - tu b e  w i t h  ta p e re d  s h a p e  w i l l  b e  r e p o r te d  i n  th e  
n e x t  p a p e r .

5. I M P E D A N C E

T h e  r a d ia t io n  im p e d a n c e s  a t  t h e  in p u t  p o r t s  o f  th e  
f o u r  g r a d u a l ly  v a r y in g  a c o u s t ic  r e s o n a to rs  a n d  th e  
tw o - s te p  a c o u s t ic  r e s o n a to r  a re  a ls o  c a lc u la te d  w i t h  
th e  t r a n s fe r  m a t r ix e s  i n  E q s . ( 1 4 ) —(1 6 ) ,  a n d  th e  re s u lts  
a re  s h o w n  i n  F ig .  4 .

F ig u r e  4 a  s h o w s  t h a t  th e  a m p l i tu d e s  o f  r a d ia t io n  
im p e d a n c e  a t  t h e  v a l le y  r e s o n a n t  f r e q u e n c ie s  o f  th e  
f o u r  g r a d u a l ly  v a r y in g  a c o u s t ic  r e s o n a to rs  d e c re a s e  
w i t h  f r e q u e n c y ,  b u t  th o s e  o f  t h e  tw o - s te p  a c o u s t ic  re s 
o n a to r  d is p la y  d i f f e r e n t  b e h a v io r .  T h e  m a x im u m

a m p l i t u d e  e x c e e d in g  4  x  1 0 4 k g / m 2 is  lo c a te d  a t  th e  

s e c o n d  v a l le y  r e s o n a n t  f r e q u e n c y .  H o w e v e r ,  th e  
a m p l i tu d e s  a t  t h e  p e a k  r e s o n a n t  f r e q u e n c ie s  a l l  
a p p ro a c h  z e ro  f o r  a l l  r e s o n a to rs ,  in c lu d in g  t h e  f o u r  
g r a d u a l ly  v a r y in g  r e s o n a to rs  a n d  th e  tw o - s te p  a c o u s t ic  
r e s o n a to r .

F ig u r e  4 b  s h o w s  t h a t  f o r  th e  f o u r  g r a d u a l ly  v a r y in g  
r e s o n a to rs ,  t h e  r e a l p a r ts  o f  r a d ia t io n  im p e d a n c e s  a t  
th e  v a l le y  r e s o n a n t  f r e q u e n c ie s  a ls o  d e c re a s e  w i t h  f r e 
q u e n c y ,  a n d  th e  r e a l  p a r ts  o f  t h e  r a d ia t io n  im p e d a n c e s  
o f  a l l  r e s o n a to rs ,  in c lu d in g  th e  tw o - s te p  a c o u s t ic  r e s o 
n a to r ,  a re  v e r y  c lo s e  to  t h e  c o r r e s p o n d in g  a m p l i tu d e s  
s h o w n  i n  F ig .  4 a . In te r e s t in g ly ,  t h e  r e a l  p a r ts  o f  r a d ia 
t i o n  im p e d a n c e  a t  t h e  p e a k  r e s o n a n t  f r e q u e n c ie s  o f  a l l  
a c o u s t ic  re s o n a to rs  a re  z e ro .

F ig u r e  4 c  s h o w s  t h a t  f o r  e a c h  a c o u s t ic  r e s o n a to r ,  
th e  a b s o lu te  v a lu e s  o f  t h e  im a g in a r y  p a r ts  o f  r a d ia t io n  
im p e d a n c e s  a t  t h e  v a l le y  r e s o n a n t  f re q u e n c ie s  a re  
m u c h  s m a l le r  th a n  b o t h  th e  a m p l i tu d e s  a n d  th e  r e a l 
p a r ts  o f  r a d ia t io n  im p e d a n c e s ,  b u t  th e  im a g in a r y  p a r ts  
o f  r a d ia t io n  im p e d a n c e s  a t  t h e  p e a k  r e s o n a n t  f r e q u e n 
c ie s  a re  n o t  z e ro .

6. C O N C L U S I O N S

T h e  t r a n s fe r  m a t r i x  m e t h o d  w a s  e x te n d e d  t o  a n a 
ly z e  th e  a c o u s t ic a l  p ro p e r t ie s  o f  a c o u s t ic  re s o n a to rs  
w i t h  g r a d u a l ly  v a r y in g  c r o s s - s e c t io n a l  a re a s  i n  t h is  
p a p e r .  F o r  e a c h  o n e  o f  f o u r  k in d s  o f  g r a d u a l ly  v a r y in g  
a c o u s t ic  re s o n a to r :  ta p e re d ,  t r ig o n o m e t r ic ,  e x p o n e n 
t ia l  a n d  h y p e r b o l ic ,  t h e  t r a n s fe r  m a t r i x  is  f i r s t  d e r iv e d ,  
a n d  t h e n  t h e  r e s o n a n t  c o n d i t io n  is  d e te r m in e d ,  a lo n g  
w i t h  o th e r  a c o u s t ic  p r o p e r t ie s  s u c h  as r e s o n a n t  f r e 
q u e n c ie s  a n d  r a d ia t io n  im p e d a n c e .

N u m e r ic a l  s im u la t io n  o f  f o u r  a c o u s t ic  re s o n a to rs  
w i t h  g r a d u a l ly  v a r y in g  c r o s s - s e c t io n a l  a re a s  a n d  a  tw o -  
s te p  r e s o n a to r  w i t h  a b r u p t  v a r ia t io n  i n  c r o s s - s e c t io n a l 
a re a  s h o w s  t h a t  f o r  e a c h  re s o n a to r ,  t h e  t r a n s fe r  f u n c 

t i o n  i n  s o u n d  p re s s u re  a n d  th e  r e s o n a n t  f r e q u e n c ie s  is  
u n e v e n ly  d is t r ib u te d  i n  th e  f r e q u e n c y  d o m a in ,  a n d  th e  
g r a d u a l ly  v a r y in g  a c o u s t ic  re s o n a to rs  a re  d is s o n a n t .

F o r  a l l  r e s o n a to rs ,  t h e  t r a n s fe r  f u n c t io n s  a t  th e  
p e a k  r e s o n a n t  f r e q u e n c ie s  d e c re a s e  w i t h  f r e q u e n c y ;  
m o r e o v e r ,  t h e  a b s o lu te  v a lu e s  o f  p h a s e  a t  t h e  p e a k  re s 

o n a n t  f r e q u e n c ie s  a re  a l l  a b o u t  9 0 ° ,  a n d  th o s e  a t  th e  

v a l le y  r e s o n a n t  f r e q u e n c ie s  a re  a b o u t  0 °  o r  1 8 0 ° .  
H o w e v e r ,  t h e  t r a n s fe r  f u n c t io n s  a t  t h e  v a l le y  r e s o n a n t  
f re q u e n c ie s  a re  a l l  g re a te r  th a n  z e ro  f o r  th e  f o u r  g r a d 
u a l l y  v a r y in g  a c o u s t ic  re s o n a to rs ,  b u t  f o r  th e  s te p p e d  
re s o n a to r ,  t h e  v a lu e s  a t  s o m e  v a l le y  r e s o n a n t  f r e q u e n 
c ie s  a re  z e ro .

T h e  v a r ia t io n  o f  r a d ia t io n  im p e d a n c e  a t  t h e  in p u t  
p o r t  s h o w s  s im i la r  p a t t e r n  o f  v a r ia t io n  o f  t h e  t r a n s fe r  
f u n c t io n  o f  s o u n d  p re s s u re .  B o t h  th e  a m p l i tu d e s  a n d  
th e  r e a l  p a r ts  o f  r a d ia t io n  im p e d a n c e s  a t  t h e  v a l le y  re s 
o n a n t  f r e q u e n c ie s  d e c re a s e  w i t h  f r e q u e n c y  f o r  e a c h  
g r a d u a l ly  v a r y in g  a c o u s t ic  re s o n a to r ,  b u t  n o t  f o r  th e  
tw o - s te p  a c o u s t ic  r e s o n a to r .  T h e  r e a l p a r ts  o f  r a d ia t io n  
im p e d a n c e s  a t  t h e  p e a k  r e s o n a n t  f r e q u e n c ie s  o f  a l l  
a c o u s t ic  r e s o n a to rs  a re  z e ro ,  b u t  t h e  im a g in a r y  p a r ts  o f  
r a d ia t io n  im p e d a n c e s  a t  t h e  p e a k  r e s o n a n t  f re q u e n c ie s  
a re  n o t  z e ro .
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