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Abstract– A new sono-elastic substructure method is proposed in this paper to improve the computational
efficiency of the hull-substructure coupled and fluid-structure interacted vibration and acoustic radiation of
a submerged cylindrical-shell-type vehicle. The typical part of the vehicle structure is divided into the main
hull and the internal substructures. The fluid-structure interaction problem of the main hull is solved by an
analytical method based on the simplified model of a single-hull ring-stiffened cylindrical shell simply sup-
ported at both ends. Meanwhile, the substructures are numerically modeled through the Finite Element
Method, with the condensed dynamic stiffness matrices of them obtained via the Superelement Method of
Modal Synthesis. The main hull and the internal substructures are then integrated according to the boundary
compatibility conditions at the connecting parts. Thus, a Mixed Analytical-Numerical Substructure
(MANS) method is formulated. The applicability of this method is validated by two numerical examples as
well as the test results of a large-scale submerged structural model. It is shown that the MANS method is suit-
able for the prediction of vibration and acoustic radiation of typical cylindrical-shell-type submerged struc-
tures in the medium frequency region.
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1. INTRODUCTION
Since the 1980s great progress has been made in the

field of dynamic substructure methods, which synthe-
size the calculated or measured dynamic characteris-
tics of all decomposed substructures to obtain the
dynamic behaviors of the entire structure [1, 2]. This
kind of method was applied in the analysis of f luid-
structure interactions and dynamic responses of struc-
tures [1, 3, 4]. Persson et al. [5] analyzed the vibration
characteristics of a complex water-pipe system using
the component mode synthesis method, which is sim-
ilar to the dynamic substructure method. The
dynamic substructure method is also used to obtain
the elastic response of submerged shells with internally
attached structures to shock loading [6]. In the work of
Soize [7], in order to predict the vibrations and acous-
tic radiations of a complex structure, the structural
system was divided into a main structure that was
interacting with surrounding f luid, and several sub-
structures with uncertain stiffness and mass distribu-

tions, which were then represented as the structures of
fuzzy characteristics by using probabilistic method.
Franzoni and Park [8], Park [9] proposed a method
where the dynamic characteristics of the low-resolu-
tion main structure and the high-resolution substruc-
tures were independently solved and integrated by
employing finite element models with different mesh
sizes or analytical models. In the vibration analysis of
the main structure [10], the structure system was
decomposed to the main structure and the subordi-
nate substructures. The latter together with their con-
junction boundaries were simplified to some extent. In
the work of Pratellesi et al. [11], a hybrid formulation
was derived for medium frequency analysis of assem-
bled structures made of two subsystems, the low fre-
quency part is modelled with finite element, whereas
the f lexible part is modelled with the Smooth Integral
Formulation (SIF). In the works of Meyer et al. [12,
13], the Condensed Transfer Function (CTF) method
was proposed to predict the vibro-acoustic behavior of
a submerged shell with non-axisymmetric internal
substructures. Based on the technology of supercell1 The article is published in the original.
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Fig. 1. Schematic diagram of a cylindrical ship hull.

Foundation

Main hull

Fig. 2. Segmentation of the ship structure: (a) foundation;
(b) main hull. 

(a) (b)
modelling and analytical modelling, Salin et al. [14]
proposed a method which allows to carry out analysis
in the expanded frequency range for finite-element
models of any complexity. Suvorov et al. [15] intro-
duced a method for nonconformal finite-element
simulation of the region of interaction between an
acoustic f luid and deformed solid bodies, where spe-
cial contact finite elements are used.

The method described in this paper contains both
the common characteristics of dynamic substructure
methods and the characteristics of the hydroelastic
analysis in acoustic medium.

In vibration and noise control of a ship, modifica-
tion or optimization of some substructure design (such
as a machinery foundation etc.) is usually required. In
redesigning a substructure, if the main structure is
assumed to be a prescribed simplified boundary con-
dition of the substructure and the interaction between
them is neglected, the predicted dynamic behavior of
the local optimization may not reach the expected tar-
get of vibration and noise reduction due to the actual
influence of the main hull.

If the main hull and substructure are assembled to
establish a f luid-structure interaction model for the
vibration and noise predictions, any slight modifica-
tion in one of the substructures will lead to recalcula-
tion of the entire model with greatly increased compu-
tational effort. To reduce the demand on computa-
tional resources, an approach called the Sono-elastic
Substructure Separation and Integration (SSSI)
Method was proposed [16, 17]. To achieve the same
purpose, a Mixed Analytical-Numerical Substructure
(MANS) method is proposed in this paper to solve
ACOUSTICAL PHYSICS  Vol. 64  No. 5  2018
acoustic radiation problems of an underwater cylindri-
cal hull structure in medium frequency region from
the loop frequency to about 700 Hz. The loop fre-
quency of a cylindrical shell is defined such that the
length of longitudinal wave at this frequency is equal to
the circumference of the hull. In this medium fre-
quency region, the vibration modes of a cylindrical
hull are very intensive. To calculate all the modes in
this frequency region by Finite Element Method
(FEM) requires great computational time and usually
gives uncertain precision. For this regard, the Statisti-
cal Energy Analysis method (SEA) may be adopted
instead of FEM to describe the vibration characteris-
tics of the ship hull. However, the calculation error of
SEA method will also be large because the scale of
substructures in a ship is usually small comparing with
the main hull of the ship, and the modal density of the
global structure is not high enough. To improve the
prediction accuracy, in the present MANS method the
analytical model is used for the main hull, and the
finite element model is adopted for the substructures
to predict the sono-elastic responses of the underwater
structure, including the acoustic radiations. Numeri-
cal examples are given in this paper to compare the
predictions by the present MANS method and those
by the three-dimensional sono-elastic analysis
method [18] and the SEA method. The predictions are
also compared with the results of a model test. It is
shown that this mixed structural model may well fit
the needs of predicting the acoustic radiation problem
in the medium frequency region.

2. THE SONO-ELASTIC SUBSTRUCTURE 
METHOD OF A SUBMERGED STRUCTURE

Figure 1 shows a typical underwater cylindrical
ship hull which consists of the main hull and the
machinery foundation. The structure can be divided
into two parts to illustrate the sono-elastic substruc-
ture method as shown in Fig. 2.
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The vibration equations of the f luid-structure

interaction system of the main hull are [17, 19]:

(1)

where  are the principal coordinates of the main

hull, ω is the angular frequency, ,  and 
are respectively matrices of the generalized structural
mass combined with the generalized f luid added mass,
the generalized structural stiffness combined with the
fluid restoring force coefficients, and the generalized
structural damping combined with the f luid radiation

damping coefficients.  is the column vector of

exciting force acting on the main hull,  is the col-
umn vector of the connection force acting on the

boundary of the main hull and the substructure, 
is matrix of principal modes at the positions of the
exciting forces and connecting forces. The superscript
“T” denotes the matrix transposition.

According to Eq. (1), a generalized dynamic stiff-

ness matrix of the main hull can be derived as

(2)

By introducing a set of virtual modes of the main

hull, and the corresponding generalized coordinates

, the dynamic equations of motion of the main

hull may be expressed as

(3)

where  is a zero matrix,  is a unit diagonal matrix.

If  is also a unit diagonal matrix, Eq. (3) reduces to

(4)

Substituting Eq. (4) into Eq. (3), the following

equation may be obtained:

(5)

The dynamic displacement  at the positions of

the exciting forces on the main hull, and the displace-

ment  at the connection points between the main

hull and the substructure can be written as:

(6)

After the finite element model of the substructure

is established, the input and output dynamic stiffness

matrices of the substructure may be generated by the

Super-element Method of Modal Synthesis (SMMS)
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[20]. The vibration equations of the substructure may

then be written in the form:

(7)

where  is the condensation dynamic stiffness

matrix of the substructure,  and  are respec-
tively the displacements and forces at the position of

the external excitation on the substructure,  and

 are respectively the displacements and forces at
the connection points between main hull and sub-
structure.

The displacements and the internal forces in the

connection of the main hull and the substructure

should satisfy the conditions of continuity:

(8a)

(8b)

Let , . In combi-

nation with the continuity conditions, the coupled

dynamic equations are obtained [17]:

(9)

The solutions provide the displacements  at

the position of the external excitation on the substruc-

ture and the virtual modal generalized coordinates

 of the main hull. The principal coordinates of the

main hull  may then be obtained by Eq. (5).

3. THE MIXED ANALYTICAL-NUMERICAL 
SUBSTRUCTURE (MANS) METHOD

The main hull model can be treated as a single

cylindrical shell with equally spaced ring stiffeners,

two simply supported ends, each attached, but not

connected with, an infinitely long rigid pillar of the

same diameter as acoustic barriers as shown in Fig. 3.

The model is submerged in an ideal unbounded

acoustic f luid field. Both rigid pillars provide the arti-

ficial fixed rigid acoustic boundary conditions for ana-

lytic solution. The origin of the rectangular coordinate

system xyz is located at the center of the cylindrical

shell. There exists an analytical solution to the vibra-

tory response and acoustic radiation of this ring-stiff-

ened cylindrical shell [21].

Omitting the harmonic time factor  in the fre-

quency domain, the vibration displacement of the
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Fig. 3. Analytical calculation model of a single ring-stiffened cylindrical shell. 
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ring- stiffened cylindrical shell acted by a sinusoidal

exciting force of the frequency ω can be written as [22]

(10)

where the subscript “m” is the axial half-wave number,

the subscript “n” is the circumferential wave number,

,  and  are respectively the axial,

tangential and normal displacement at the position

 of the cylindrical shell.  is the length of the

cylindrical shell. , , , ,  and  are

generalized coordinates respectively.
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plete set orthogonal modes in Eq. (10) may be trun-
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mined by trial calculation for convergence in the

required frequency region. In the case where the sub-

structure is coupled with the main hull, the truncated
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nates of the main hull may then be expressed as a col-

umn vector

(11)

where  denotes the generalized coordinates for cir-
cumferential wave number n:

(12)

When the structural damping effect of the main

hull is represented by the complex Young’s modulus

and the hydrodynamic coefficients are also expressed

as the complex form to include the generalized added

mass and the generalized hydrodynamic damping, the

fluid-structure interaction equations can be expressed

in the form [17]

(13)

where  is the generalized exciting force, and  is
the generalized dynamic stiffness matrix of the main
hull for circumferential wave number n. The expres-
sions of the elements in the matrices of Eq. (13) can be
found in [17].

Because the single ring-stiffened cylindrical shell is

an axisymmetric structure, the modals of the main

hull with different circumferential wave numbers are

decoupled. The entire generalized dynamic stiffness

matrix of the main hull may then be expressed as a

block diagonal matrix:
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used. After conversion of the physical quantities of the

substructure in its rectangular coordinate system into

the cylindrical coordinate system of the stiffened

cylindrical shell, the mixed analytical-numerical cou-

pled equations of motion between the main hull and

substructures can be written as

(15)

where the subscript “Bcy” denotes the quantity of the
substructure described in the cylindrical coordinate
system. When implementing a coupled analysis of the
main hull and the substructure, the computation
speed is mainly determined by Eq. (15). The dimen-
sion of the matrix in Eq. (15) is approximately equal to
the connecting degree of freedom (DOF) between the
main hull and the substructure. As the connecting
DOF increases, the time cost of computation also
rises.

In calculation of , the gen-

eralized dynamic stiffness matrix of the main hull con-

tains the generalized hydrodynamic coefficients of the

stiffened cylindrical shell. They may be calculated

analytically in the form of a complex function [17, 23]

(16)

where the real part is the generalized added mass and
the imaginary part is the radiation damping coeffi-

cient. While ,
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the radius of the cylindrical shell,  is the nth

order second Hankel function respectively,  is the
water density, k is the acoustic wave number in water.

If , then .

The calculation of generalized hydrodynamic coef-

ficients shown in Eq. (16) have been studied by several

researchers. The conventional method is calculating

the coefficients through straightforward numerical

integration (for example, see [23]). In this paper, a

more efficient method is adopted. The fast Fourier

transform (FFT) algorithm is used to calculate inte-

grals
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[24]. The calculation speed can be effectively

improved in this way. Calculating generalized hydro-

dynamic coefficients using the FFT is also much faster

than the numerical boundary element method

(BEM). In the process of calculation, the generalized

hydrodynamic coefficients of the cylindrical shell are

computed beforehand and saved in a data file, which

can be read in the subsequent analytical–numerical

coupled calculation. As long as the parameters of the

cylindrical shell remain the same, the generalized

hydrodynamic coefficients data can be re-read and

used repeatedly, which will greatly improve the com-

putational efficiency.

Once the virtual generalized coordinates  are

solved by Eq. (15), the generalized coordinates of the

main hull  may be obtained, the vibration responses

and the radiated sound power in water can be solved

further [17, 18]. The radiated sound power of the up–

down symmetric modes  and antisymmetric

modes  corresponding to each circumferential

wave number  can be written as

(17a)

(17b)

where the superscript “*” is the conjugation symbol.

The total radiated sound power and the sound

source level can be written as
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4. NUMERICAL EXAMPLES
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Fig. 4. The calculation model for validating the MANS method. 
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111
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The variations of structural velocity and radiated

sound power in water with regard to frequencies

induced by excitations of sinusoidal forces with unit

amplitude acting vertically at the Position 1 and Posi-

tion 2 as shown in Fig. 4 are calculated in this section

by two methods for comparison. The first is the pres-

ent MANS method (marked as “Mixed analytical–

numerical results” in comparisons), and the second is

the three-dimensional sono-elastic analysis method

[17, 18] (marked as “Numerical results” in compari-

sons). The latter is the extension of the previous three-

dimensional hydroelasticity theory of ships [19] to

allow for the effect of f luid compressibility being

included by employing the Green’s function of the

Pekeris ocean hydro-acoustic waveguide model [25,

26], and hence to enable the sono-elastic responses

and the acoustic radiations of a ship excited by

onboard machineries being predicted in the ocean

hydro-acoustic environment. The truncated axial and

circumferential mode orders used in the MANS

method are M = 30 and N = 25.

The Position 1 is on the foundation panel and the

Position 2 is on the cylindrical shell right below Posi-

tion 1. Figure 5 shows that under the excitation of a

vertical unit force at the Position 1, the results pre-

dicted by the two methods of the velocity responses

and the source level of the radiated sound power agree

with each other quite well. This in a way validates the

correctness of the MANS method. The small differ-

ences in the frequency region above 150 Hz in Fig. 5b,

5c are mainly due to the fact that the numerical sono-

elastic analysis method cannot simulate the infinite

long rigid pillar used in MANS method.
ACOUSTICAL PHYSICS  Vol. 64  No. 5  2018

Table 1. Parameters of the model

Cylindrical shell

Radius Length Thickness Length Width

2.65 m 2 m 26 mm 1.2 m 1 m
The main hull in this work is described using the

analytical model of an equidistantly ribbed cylindrical

shell. The ribs are of the same scantlings and distrib-

uted equidistantly along the longitudinal axis of the

cylinder. The radius and thickness of the cylindrical

shell, the scantling of the ribs, and the length of spans

between two adjacent ribs are all variable parameters.

The substructures are addressed using finite element

models and can be any complex structure. In the engi-

neering practice, the main hull is not usually the ideal

model, i.e., the equidistantly ribbed cylindrical shell.

For example, the model shown in Fig. 6 is not of an

ideal axisymmetric shape. Under most circumstances,

the models that have small derivations can be

addressed approximately to the equidistantly ribbed

cylindrical shell model without losing a satisfactory

precision.

The second example is a ring-stiffened cylindrical

shell structure of the radius 2.5 m with the foundation

type substructure as shown in Fig. 6. The underwater

acoustic radiation caused by a unit vertical force acting

on the foundation is calculated by the MANS method,

the numerical sono-elastic analysis method [17, 18]

and the SEA method in unbounded water domain. In

the calculation the frequency range covers the low,

medium and high frequency regions. The numerical

sono-elastic analysis method is applicable in the low

frequency region, usually below several hundred Hz.

The results of SEA method are calculated by using the

AutoSEA software, and is usually valid in the high fre-

quency region. The truncated axial and circumferen-

tial mode orders used in the MANS method are M =

44 and N = 22. Figure 7 shows that the MANS method

is suitable for prediction of the acoustic radiation of
Foundation

Height Panel thickness Web thickness

0.8 m 30 mm 20 mm
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Fig. 5. Comparison of structural vibration and underwater
acoustic radiation of the model excited by an unit vertical
force at Position 1: (a) vertical velocity response at Position 1;
(b) vertical velocity response at Position 2; (c) the source
level of the radiated sound power. 
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Fig. 6. Structure model of the ring-stiffened cylindrical
shell structure with the foundation type substructure. 

Fig. 7. The results of 1/3-oct sound source spectrum level
predicted by the three methods. 
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the typical stiffened cylindrical shell structure in the

medium frequency region. It also shows that the

results calculated by the three methods are overlapping

one with another from low to high frequency regions

with good concatenation.

5. EXPERIMENTAL VERIFICATION

The underwater vibration test of a ring-stiffened

cylindrical shell with three substructures including a

bulkhead with a piece of f loor (Substructure 1), a

bulkhead (Substructure 2) and a side foundation
(Substructure 3) as shown in Fig. 8 was carried out. An

electromagnetic exciter was used to generate the verti-

cal exciting force at the side foundation panel. The

vertical acceleration at the exciting point was mea-

sured. The transfer function of the acceleration and

the exciting force at the foundation panel are calcu-

lated by both the present MANS method and the

numerical sono-elastic analysis method in different

frequency regions. The calculated results are com-

pared with the test results in Fig. 9. The truncated axial

and circumferential mode orders used in the MANS

method are M = 44 and N = 22.

It shows that in general the prediction of the

numerical sono-elastic analysis method in low fre-

quency region and the prediction of the MANS

method in the medium frequency region agree with

the test results fairly good. At the frequency region

above 200 Hz there appear some differences. Some of

the reasons may be that the calculation model does not

precisely reflect the test model, such that the test
ACOUSTICAL PHYSICS  Vol. 64  No. 5  2018
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Fig. 8. The model used for experimental verification: (a)
the vibration test; (b) the calculation model. 
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Fig. 9. Comparison of predictions and test results of accel-

eration transfer functions (ref ) excited and

measured at the foundation panel: (a) spectrum density

level; (b) 1/3-oct spectrum level. 
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model was only a cabin of the cylindrical vehicle, its

two ends were not simply supported, neither attached

with long rigid barrier pillars, as was assumed in the

analytical solutions of the MANS method; the two

end plates of the test model are interacting with f luid

leading to increased hydrodynamic added mass, etc.

The MANS method presented in this work is pro-

posed considering both the computational cost and

the precision. The purely numerical model of a real

scale ship structure is much more suitable for the

vibro-acoustic analysis in the frequency range below

200 Hz. In the frequency range above 700 Hz, the Sta-

tistical Energy Analysis (SEA) method is a better

choice. The MANS method is mainly used in the fre-

quency band from 200 to 700 Hz. Therefore, Figs. 7

and 9 proved that the MANS method can play a role

of connecting the frequency range below 200 Hz and

the frequency band above 700 Hz.

6. CONCLUSIONS

The Mixed Analytical-Numerical Substructure

(MANS) method is proposed in this paper to predict

vibrations and acoustic radiations of cylindrical-shell-

type underwater ship structures in medium frequency

region. In this method, the interactions of the struc-

ture and the acoustic medium of the main hull are

dealt with by analytical method for increasing the fre-

quency range and the calculation efficiency. The effect

of local substructures is modeled by the FEM and

incorporated into the analysis by the super-element

method of modal synthesis [20]. The purpose of pro-

posing this method is to make the prediction of the

vibration and acoustic radiation behaviors of the mod-

ified or optimized substructures more efficient and

convenient. The calculation frequency range may also

be extended higher than the three-dimensional

numerical sono-elastic analysis method [18], and

hence is suitable in the medium frequency region, in

compensation with the three-dimensional numerical

sono-elastic analysis method for low frequency region

and the SEA method for high frequency region.

The applicability and the accuracy of the MANS

method and the corresponding code are validated by

comparisons in two numerical examples with the

above mentioned two other methods, and the compar-

ison with the results of a model test. It proves that the

MANS method is suitable for prediction of vibrations

and acoustic radiations of typical cylindrical-shell-type

submerged structures in the medium frequency region.
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