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Abstract⎯An analytical inverse method to design lenses of isotropic inhomogeneous refractive index (RI)
distribution is presented, where the wave ray propagation is described by the eikonal equation. We show that
some particular RI distributions can be obtained by the angles of incidence and emergence when the rays pass
through the surfaces of the lenses. This method is applied to design lenses that perfectly focus rays or bend
them to arbitrary angles. In addition, gradient refractive index (GRIN) devices are proposed, able to generate
self-bending acoustic beams and obtain illusion shadows of arbitrary objects. The ray tracing and finite elements method simulation results indicate the validity of the method. The method may have potential applications in designing acoustic and optic GRIN devices for controlling energy flux, such as medical imaging,
therapeutic ultrasound, acoustic levitation, energy isolation, acoustic and optic camouflaging, etc.
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Gradient refractive index (GRIN) media, in which
the refractive index (RI) varies by the position, have
driven many investigations in the last several decades
[1–5]. Both optic GRIN lenses and their acoustic counterparts have been explored in depth on imaging [6, 7],
telecommunications [8], energy flux control [9–12], etc.
Such promising and valuable applications impel
researchers to devote to the realization of GRIN lenses.
Generally, there are two steps to fabricate a GRIN
lens: first, we need to get a material that has variable
RI to fill in the lens, and then we should decide how
we fill the lens with this material, i.e. determine the RI
profile in the lens.
Researchers have developed various techniques
and artificially structured materials to fabricate proper
GRIN media in the recent years. In optics cases, techniques and structures such as ion exchange, ion stuffing,
photonic crystals, microstructured waveguide, multiphoton lithography and so on, are employed to obtain
GRIN in different media [13–18]. In acoustic cases,
researchers use phononic crystals and coiling-up-space
structures to get desired GRIN media [12, 19, 20].
However, comparing to various approaches developed in the recent years to obtain desired GRIN materials, there is still lack of a general analytical method to
give a direct and flexible approach to design a lens sat1 The article is published in the original.

isfying the extensive circumstances for different purposes to use.
GRIN lenses are traditionally designed by both
numerical procedures and analytical techniques,
which try to calculate the ray paths with a determined
RI profile and then modify the profile according to the
aberrations. Ray tracing methods were developed for
both isotropic and anisotropic media with homogeneous or inhomogeneous RI distributions, which help
us to calculate the ray path propagating in GRIN
media [21–24]. In addition, several GRIN profiles
have been proposed analytically, and we have now a
few theoretical prototypes of GRIN lenses such as
Maxwell fisheye lens, Mikaelian lens, Luneburg lens
[9, 25, 26], etc. However, due to the complex profile of
RI, the high-order aberrations are hard to eliminate
when the refraction that happens on all the surfaces of
the lenses is taken into account, and this method is
also hard to be applied in asymmetric systems [22, 27,
28].
A more direct approach to design a GRIN lens is to
consider it as a standard inverse problem consisting of
obtaining the RI profile given a definite family of ray
traces. Borghero et al. have given some solutions in
two dimensions when the RI profile is assumed to
have some certain characteristics [29].
In this work, we will show that by an approach of
inverse design we can obtain the proper RI profile with
just the information about the angles of incidence and
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emergence of every ray on the surface of lenses without
knowing the details about how the rays propagate in
the lenses. These angles are usually included in the set
of basic lens design parameters, such as the designed
incident beam and the desired focus position. Moreover, the derived distribution of RI is ensured to be
non-negative, so that we don’t need to resort to negative artificial structures or materials, which often
involve resonance and thus have a narrow effective frequency band. Our method gives a systematic and brief
way to design a GRIN lens, and it is significantly universal and effective for satisfying the major circumstances of actual design needs.
We start with considering a ray propagating in an
isotropic inhomogeneous medium in a simply connected domain, where we place our GRIN lens
exactly. It has a curved trace because the RI varies
from point to point, and we can describe the path by
the eikonal equation, which can be derived from wave
equation as a short-wave limit or more directly from
the Fermat’s principle.
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This can be rewritten as n1 sin θ1 = n2 sin θ2 , θ is the
angle between the tangent of the ray dr and the normal
vector of the curved interface µ, and the subscripts 1, 2
refer to either of the two media. Here we presume that
we know the information about how rays propagate in
the background medium 1.
Note that ni sin θi = τ ⋅ ∇Si , i = 1,2 according to
(1). Here τ is the tangent vector of the interface Γ in
the plane consisting of the two vectors dr and µ. By
replacing this to (2) we get

∫
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Here r ∈ D ⊂ R3 and s ∈ R are the position vector
and the trace of ray respectively, n(r) is the spatial distribution of RI. Thus, we can easily determine the RI
n(r) we need when we get the exact profile of the
eikonal function S(r) by calculating (1) directly.
Then we consider the ray passing through the
boundary Γ of domain D. As it is shown in Fig. 1a, it
bends according to Snell’s law because of the different
RI in the two media:

1

Background
medium 1

μ1

Consider a function S (r) ∈ C 2 that is a particular
solution of the eikonal equation in the simply connected domain D:

∇S = n(r) dr .
ds
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Fig. 1. (a) Snell’s law when rays are passing through the interface of two different media. (b) Concentrating the rays that is
incident perpendicularly onto the surface of the GRIN lens in
the rectangle OACB to the focus F ( f x , f y ); the background
medium here is assumed to be homogenous and isotropic,
here OA = a, OB = b are the height and thickness of the lens
respectively. (c) Bending rays that income horizontally to an
angle θ with a GRIN lens OACB.
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∫∫

Since
∇ S ⋅ dr =
∇ × ∇S dm = 0 , where M
∂M
M
is an arbitrary simply connected domain on the interface, we can get the value of eikonal function S(r) by
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First, we consider a beam passing through a GRIN
lens as Fig. 1b. We presume that the rays are incident
on the left surface of the lens horizontally and then
outcome from the right surface concentrating on point
F(fx, fy). That means we get perfect focusing at point F
in the sense of geometry optics or acoustics (without
any aberrations). Thus, we get the conditions on the
two boundaries:

Snell’s law
θ(r) on Γ

Path integral

S(r) on Γ
Choose
∇2S = 0

Eikonal equation
n(r) in lens

S(r) on lens

⎛ ∂S ⎞
= 0,
⎜ ⎟
⎝ ∂y ⎠ x = 0
y − fy

Fig. 2. Schematic of the proposed design procedure.

where L is an arbitrary path connecting positions r0
and r on the interface. Noting that the spatial distribution of RI n(r) will not be affected by additional constant according to (1), we can just set it to zero and get

∫ (τ ⋅ ∇S )τ ⋅ dr + S (r )
= ∫ (τ ⋅ ∇S )τ ⋅ dr.
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That is:
y

∫

S ( y)x =0 = 0, S ( y)x =a = φ(t )dt + C .

0

(4)

1

Actually, the boundary condition (4) is the necessary and sufficient condition to decide the eikonal
function S(r) that can derive suitable n(r) for our
design, which is not unique. However, it is a really
tough work to fabricate a function that coincide with
this boundary condition.
Here we can choose a particular solution of the
eikonal function S(r) from the total solution space
instead of figuring out all the possible solutions of S(r)
fitting with the boundary condition by just making a
presumption. This is not a conventionally rigid way to
deal with an inverse problem, where one shall usually
try to find the general solutions of this problem, but it
does be effective as we will show.
We assume that the eikonal function is harmonic
here, i.e.
2
(5)
∇ S = 0,
which means that the spatial distribution of S(r) can be
described by Laplace’s equation.
Combining (4) with (5) leads to a partial differential equation with a Dirichlet boundary condition,
which is easily solved.
Also, we must point that the maximum principle of
harmonic functions can be applied to S(r), which makes
it sure that S(r) obtains its maximum and minimum only
at the boundary of domain D. That means the sign of n(r)
does not change in the domain according to (1), which
gives us a possibility to design a GRIN lens building up
with non-negative materials or structures if we properly
determine the boundary condition.
We will show how this procedure (Fig. 2) works by
the following two examples in two dimensions. The
one is to get perfect focusing of a wave beam and the
other is to bend an incident wave beam arbitrarily,
both of them with a slab GRIN lens of a certain scale,
as shown in Figs. 1b, 1c.

(6)

0

Here we need to choose properly the constant C, to
make sure S (y)x =a > S ( y)x =0 to avoid getting a negative
RI zone in the lens. Also, the constant C can be used
to adjust the value of n(r) in the domain, usually we
get bigger global value of n(r) in the domain when C
is increasing, since the shift of eikonal is related to
the path integral of n(r) according to the Fermat’s
principle.
The top and bottom boundary conditions can be
defined casually since this has nothing to do with the
rays concentrating on the focus, and here we stipulate
that there are no rays passing through them to get a
Neumann boundary condition:
⎛ ∂S ⎞
= 0.
⎜ ⎟
⎝ ∂y ⎠ y =0,b

(7)

We can easily get a S(r) in a form of series expansion
by solving (5) with (6) and (7) simultaneously, i.e.:

S (r) =

∞

∑ A cos k y sinh k x + A x,
i =1

i

i

i

∫

(8)

0

b

with ki = i π b , Ai = −2 φ( y)sinki ydy ki b sinh ki a,
0

b

∫∫

y

A0 =
φ(t ) dtdy ab + C a, i = 1,2 …. So, from (1)
0 0
we can get the profile of RI in the domain of the lens.
In this particular case, we consider a rectangle
GRIN lens with a thickness a = 0.1 m and height b =
0.4 m. We set the focus on the position of (0.2, 0.25).
By choosing C = 0.3 we make sure that
S (y)x =a > S ( y)x =0 = 0. Then we can derive the profile
of RI from the equations, and the result is shown in
Fig. 3a. We simulate the profile by the ray tracing
method and find it works well as shown in Fig. 4a.
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Fig. 3. The derived profiles of RI of designed GRIN lenses. (a) Lens to concentrate rays on point (0.2, 0.25 m). (b) Lens to bend
incident rays to an angle of π 4 . (c) Lens with height b = 3 m and thickness a = 0.5 m to obtain a self-bending beam propagating
along a semicircle trajectory with radius r = 1 m.

Similarly, we consider an incident wave beam falling onto a GRIN lens horizontally and refracting out
1

by an angle θ with no rays passing through its top or
bottom, i.e.,

⎛ ⎞
φ( y) = ⎜ ∂S ⎟ = sin θ.
⎝ ∂y ⎠ x = a
By putting (9) into (8), we can get
S (r) =

(9)

∞

∑ A cos k y sinh k x + A x
i =1

i

i

i

∫

(10)

0

is shown in Fig. 5a, the incident wave front is modulated into the refracted wave front and the GRIN
medium works out as a phase engineering for the incident wave.
This conclusion inspires us to develop more functional GRIN devices to control waves for different
purposes. In the following two examples, we show how
to use GRIN lenses to generate a self-bending acoustic
beam in a homogenous medium along arbitrary
desired convex trajectory and get a designed illusion
shadow of an arbitrary object respectively.

b

with ki = i π b , Ai = −2 sin θ sinki ydy ki b sinh ki a,
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0.2

y, m

A0 = b sin θ 2a + C a , i = 1,2 ….
Noting that the RI profile n(r) we get is proportional to sin θ when C = 0 may help us to fabricate
some tunable instruments. For instance, we know that
the RI n = c0 / c , where c0 is the reference wave speed
and c is the wave speed in the medium, which is usually proportional to some function of temperature
both in acoustic and optic situations. When we tune
the working temperature in the whole GRIN lens
simultaneously, we can change the refractive angle θ
and adjust it to our need.
As a particular case, we consider a rectangle GRIN
lens with a = 0.1 m and b = 0.4 m. We set θ = π 4 and
C = 0.25 here, and the profile of RI derived by (10) is
shown in Fig. 3b. This lens has an expected effect of
bending rays incident horizontally, as the ray tracing
results show in Fig. 4b. That gives a proof to the validity of our method.
In the two examples illustrated above we can find
that if the top and bottom boundary conditions in the
rectangle GRIN lens are ignored, then the lens just
plays a role in transforming the eikonal profile of incident wave, i.e. S ( y)x =0 , into refracted waves, i.e.
S ( y)x =a . Actually, the method works in this way. As it
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Fig. 4. The ray tracing results of designed GRIN lens:
(a) for concentrating rays onto focus point (0.2, 0.25 m),
(b) for bending incident rays to an angle of π / 4 .
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Fig. 5. (a) Schematic of the work mechanism of GRIN lens. It plays a role as modulating the wave front. (b) Schematic of producing an arbitrary convex trajectory by asymptotic theory. The trajectory (the black curve) here is represented by y = f(x) which
is the asymptotic of the rays (the gray lines), and S(r) represents the eikonal function that describes the wave front (the dashed
black curve). θ( y) here measures the angle from the normal vector (the dashed gray line) to the ray emitted from point (0, y).

Consider generating a self-bending acoustic beam
in a homogenous medium by virtue of the asymptotic
theory as shown in Fig. 5b; the method also can be
implemented in optic circumstances since the wavelength is short enough. Every ray emitted from the
wave front propagates straight and crosses with each
other in the front. Thus, a caustic zone is formed and
its border is the caustic line, which is exactly the envelope of the rays. This caustic line is the desired convex
trajectory, and every ray is a tangent of it [30].
Consider a rectangle GRIN lens that forces an
incident wave beam falling horizontally to refract out
propagating by a convex trajectory described by
y = f ( x) ∈ C 1. We have:

⎛ ∂S ⎞
( y − f ( x))
, (11)
⎜ ⎟ = φ( y) = sin θ( y) = −
⎝ ∂y ⎠ x = 0
( y − f ( x ))2+x 2
and
df ( x)
(12)
.
dx
Actually, equations (11) and (12) are sufficient to
solve the relation between φ( y) and y, although the
solution is usually implicit.
Here we set the caustic line to be a semicircle with
a radius r and a center (r, 0) right on the y axis. Thus,
we can get an explicit expression describing φ( y)
through y:
tan θ( y) =

φ( y) =

1 − y2 r 2
.
1 + y2 r 2

(13)

Putting (13) into (8), we can get
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∞

∑ A cos k y sinh k x + A x,
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i
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∫1 + y

2

0

sinki ydy ki b sinh ki a,

∫ ( y − 2r arctan r ) dy ab + C
b

A0 = −

r2

y

a , i = 1,2 …

0

As an instance, we set a = 0.5 m, b = 3 m, r = 1 m
with C = 1. The RI profile we need is shown in Figs. 3c,
and 6a shows the corresponding ray tracing results. We
presume that the background medium is air at temperature 293.15 K with c = 343 m/s and

ρ = 1.21 kg/m3, and the materials of lens have a
matched acoustic impedance with air to neglect the
influence of mismatch impedance to the field. We
simulate the model with an acoustic Gauss beam with
full width half maximum (FWHM) = 1.177 m at the
frequency f = 10 kHz. The FEM simulation results of
acoustic pressure field shown in Fig. 6b indicate that
the caustic line is exactly the semicircle as we designed
and that the wave beam propagates along it. This ability of self-bending and circumventing obstacles may
be useful in medical imaging and therapeutic ultrasound when the target living biological entity is behind
another sensitive organ [30–35].
Since there are no rays passing by the caustic line,
there come to be a shadow zone in the semicircle,
where it is much quieter than outside. By rotating the
lens, we can get an acoustic bottle beam in three
dimensions. Sound pressure is near to zero in the bottle, while it is much higher in the surrounding “shell”.
Figure 6c shows a cross-section profile of normalized
sound pressure amplitude of an acoustic bottle with
a = 0.5, b = 2, r = 0.5, C = 0.5, simulating by an acoustic Gauss beam with FWHM = 1.386 m at frequency
f = 10 kHz. The quiet zone is shown clearer here.
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Fig. 6. (a) Ray tracing results of designed GRIN lens in Fig. 3c. (b) FEM simulation results of normalized sound pressure amplitude field with the designed lens in Fig. 3c. The dashed white semicircle with radius r = 1 m is the designed trajectory. (c) FEM
simulation results of cross-section normalized sound pressure amplitude field of an acoustic bottle. The bottle is generated by
rotating a two-dimensions GRIN lens with a = 2 m and b = 0.5 m, which produces a self-bending beam propagate along a semicircle with radius r = 0.5 m. The dashed white circle is the quiet region in the bottle which is surrounded by a higher sound pressure “shell”.

When the sound pressure is high enough and nonlinear acoustic effects are taken into account, the bottle
can provide a pull force in it due to the acoustic radiation force. This may have potential applications in
acoustic levitation, isolation and other manipulations
[30, 36].
Another GRIN device we propose is to get
designed illusion shadow of an arbitrary object, meaning that when observing against the incident beam, we
get a fabricated image of the object. Illusion optics and
its acoustical counterparts attract much attention in
the recent years [37–42]. Lai et al. proposed the concept of illusion optics: “making an object with arbitrary shape and material properties appear exactly like
another object of some other shape and material
makeup” [37]. The method they proposed refers to
transformation optics, and this usually leads to using
abnormal materials with negative properties.
Researchers make great efforts to overcome this difficulty and implement many illusion devices, such as
generating virtual objects, rotating wave field, moving
targets virtually [38–40]. However, if we neglect other
information the wave field includes and just want to
get a two-dimension illusion shadow in the situation
of ray theory (which is usually able to work well with
visible light and high-frequency sound), GRIN
devices with positive properties can be useful.
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As it is shown in (7), when rays are tangent to the
boundary and no one is passing through it, we set
there a Neumann boundary condition. That means we
get a shadow zone behind the boundary. If we choose
some region on the surface, where no rays refract out,
and set them a Neumann boundary condition, i.e.

∂S = 0,
∂µ

(15)

with µ representing the normal vector of the surface,
we can get a designed shadow behind the GRIN lens.
As it is illustrated in Fig. 7, parallel rays (a point
source and other sources that won’t get caustic upon
the lens surface are also able to be employed) are incident onto a three-dimensions lens fabricated from a
GRIN medium. Some region on the incident surface
is sheltered by the object (image of boy in Fig. 7), and
we want to get an illusion shadow on the outcoming
surface (image of girl in Fig. 7). By setting the object
and illusion area a Neumann boundary condition, and
the other region on the incident and outcoming surface a Dirichlet boundary condition, we can get the
desired profile of RI. Here boundary conditions on
other surfaces can be determined casually as long as
the eikonal on every ray is increased when propagating; usually we set them a Neumann boundary condition.
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Fig. 7. Schematic of generating an illusion shadow by
GRIN device. Parallel rays (gray arrow line) incident onto
the GRIN device (the cuboid) where in the front surface
there is a rigid object (image of boy), and the designed illusion shadow (image of girl) is on the rear surface. By setting
a Neumann boundary condition for the object area with
the shadow area and setting a Dirichlet boundary condition for the other area where rays are passing vertically, the
desired RI profile can be obtained.

Figure 8 shows two acoustic instances of our illusion method. One of them is implemented by a cuboid
GRIN lens with a width w = 0.6 m, height h = 0.6 m

0.6

(а)

and thickness l = 0.4 m, the other lens is a cylinder
with a radius R = 0.33 m and thickness l = 0.4 m. Both
of them are simulated by an acoustic plane wave with
frequency f = 10 kHz incident vertically on to the surface. We set the devices to work in air at temperature
293.15 K and the GRIN media to have matched
acoustic impedance with air, to highlight the influence
of GRIN media to the acoustic field. The first
instance is to make a number “1” look like number
“8” when observing against the beam. We put a rigid
wall just in front of the number “1”, so that no acoustic rays pass through this region (Fig. 8a). Thus, we get
a shadow image behind the lens, which turns out number “8” as we design (Fig. 8b). The other instance is to
make a character “O” get an illusion shadow of character
“X”. Similarly, we get a good effect shown in Fig. 8d.
This device may be useful in camouflaging objects to
cheat observers and improving stereo for audience.
To conclude, we propose an analytical method to
design GRIN lenses in an inverse way. We give four
examples to illustrate how this procedure works. First,
we propose a new profile of RI to act as a focusing lens
which can perfectly concentrate the rays on the focus.
Secondly, we design another profile of RI to make the
lens to be able to bend the rays arbitrarily. Thirdly, we
develop a GRIN device to generate self-bending
beams propagating along arbitrary trajectory. Finally
yet importantly, we show how to get illusion shadows
of arbitrary objects with GRIN devices. Those proposed GRIN devices may have potential applications
in controlling energy flux, such as medical imaging,
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Fig. 8. Examples of illusion shadow generated by GRIN devices. (a) and (c) The object number “1”and character “O” (both gray
area) on the front surface of a cuboid and a cylinder GRIN device respectively. (b) and (d) FEM simulation results of normalized
sound pressure amplitude field on the rear surface of the devices. The dashed white lines outline the illusion shadow designed,
which is number “8” and character “X”, respectively.
ACOUSTICAL PHYSICS

Vol. 64

No. 6

2018

AN ANALYTICAL INVERSE APPROACH

therapeutic ultrasound, energy isolations, acoustic
and optic camouflaging, etc. From the instances presented, we can find that the method works with a set of
simple and intuitionistic parameters and is proved
valid by ray tracing and FEM simulation results. The
method provides a general design procedure of GRIN
lenses and is expected to help people to develop GRIN
devices for different purposes of energy flux control
more easily and flexibly.
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