
ISSN 1063-7710, Acoustical Physics, 2019, Vol. 65, No. 6, pp. 670–676. © Pleiades Publishing, Ltd., 2019.
Russian Text © The Author(s), 2019, published in Akusticheskii Zhurnal, 2019, Vol. 65, No. 3, pp. 291–297.

NONLINEAR ACOUSTICS
Localized Wave Structures Determined by Exact Solutions
of the Khokhlov–Zabolotskaya Equation

Yu. N. Makova, b, *
aDepartment of Physics, Moscow State University, Moscow, 119991 Russia

bProkhorov General Physics Institute, Russian Academy of Sciences, Moscow, 119991 Russia
*e-mail: yuri_makov@mail.ru

Received February 18, 2019; revised February 20, 2019; accepted February 20, 2019

Abstract—A brief description of physically meaningful exact solutions of nonlinear partial differential equa-
tions that describe concrete physical objects, processes, etc., is presented. New exact solutions of the Khokh-
lov–Zabolotskaya equation that have a physical meaning (including a variant of the stationary equation with
respect to the direction of propagation of a wave structure) are presented that correspond to the description
of localized wave structures either only with spatial localization (beams in the self-trapped propagation
mode), or with spatiotemporal localization (pulse-type structures, which are sometimes referred to as wave
(acoustic) bullets). The solutions and the localized structures that are described by them are not obvious for
nonlinear acoustics or predictable from “physical considerations” (as, for example, for the self-trapped prop-
agation of beams in nonlinear optics), since there are no explicit conditions for the balance of the “necessary”
effects in the dispersion-free state.
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The 50th anniversary of the Khokhlov–Zabolots-
kaya (KZ) equation, which occurred at the beginning
of 2019 ([1] was published 50 years ago in the Acoustic
Journal and contained a derivation of this equation; a
detailed scientific history of the equation that was
based on facts was presented in [2]), is a remarkable
event for the acoustic community and served as a stim-
ulus for presenting this scientific material, which is
directly related to the equation whose jubilee is being
celebrated. Hereinafter, the KZ equation will be used
in the following dimensionless form:

(1)

where N is a parameter (Khokhlov number) that char-
acterizes the ratio of the nonlinear and diffraction
effects, τ is the time coordinate (“delayed” time), and
z is the direction of propagation of the beam; the
transverse coordinates for the beam itself and the
Laplacian in (1) are either x and у for a 3D spatial
beam, when Cartesian coordinates are used, or only у
for a “slit” beam, or the single radial r coordinate for
an axially symmetric beam in cylindrical coordinates.

Without trying to illustrate the significance of this
equation for acoustics and other fields of science using
“countless” data, references, etc., as well as its use not
only as a “mathematical tool” in solving problems but

also as an independent mathematical object of study,
we note only one somewhat paradoxical phenomenon
from our point of view that is associated with this
equation. The issue is that despite the considerable
number of works on searching and techniques for
searching for analytical solutions of the KZ equation
and the already accumulated results of this search,
which are not only “purely mathematical” but also
have a “physical content” with their interpretation of
the effects of nonlinear beam acoustics, studies on
acoustics often contain assertions of the analytical
“insolubility” and, consequently, the absence of exact
analytical solutions of the KZ equation. Such state-
ments in papers are to a certain extent an additional
reason for their authors to apply either the procedure
of a numerical solution or approximate methods for
solving the KZ equation.

To specify the data on the available solutions of the
equation, we refer, first, to the presence of a collection
of exact solutions in the well-known reference source
[3]; the solutions collected in it can be conventionally
classified as those belonging to the “first generation,”
since they were obtained relatively long ago (in the
past century) using procedures (methods) that have
already become standard as “test” procedures for solv-
ing nonlinear partial differential equations (see [4] for
a description of these methods). Further searches for
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Fig. 1. A graphical representations of solution (3) with (а)
the wave profile consisting of a part of a hyperbole and
shock fronts and (b) a continuous arc-shaped profile con-
sisting of repetitive parts of an ellipse.

(a)

τ τ

u u

(b)
and additions to the collection of exact solutions of the
KZ equation were mainly associated with the success
in the development of group theory in relation to the
analysis of the transformational properties of differen-
tial equations, and through this, to the finding (con-
struction) of new solutions of equations, including the
KZ equation (see, e.g., the recent [5] and the literature
herein).

It should be emphasized once more that most of
the available solutions of the KZ equation are purely
mathematical results (see [3]) that are “not linked” to
a corresponding object of acoustics: beams, their
parameters, and the description of the actual beam
dynamics. This is not surprising because no connec-
tions with a physical object and its structural features
and characteristics are usually built into the procedure
of finding such solutions. In contrast to this, “physi-
cally justified” solutions (which are in the minority
among other solutions of the KZ equation) are sought
with an obvious orientation to the description of a
“desired” physical object (in this case, an acoustic
beam). In this case, the basic mathematical details of
such a solution correspond to a physical object (e.g.,
the mathematical variables correspond to physical
ones with their characteristic behavior, the initial form
of the solution with respect to each variable corre-
sponds to the initial and boundary conditions for the
beam, the solution “reasonably” reflects the spatial
structure and spatiotemporal dynamics of the beam,
and so on).

In some of the previous studies of the author of this
article, such problems were successfully solved taking
their characteristics into account. A physically mean-
ingful exact solution of the KZ equation was appar-
ently first found in our study [6]; the main achieve-
ment consisted not so much in the obtained solution
as in its content: the obtained analytical solution
showed the existence (for different ratios between the
Khokhlov parameter N and the focusing parameter,
viz., the focal length) of two types of wave profiles that
are asymptotically universal for the focal region: a
“normal” (at that time, 1997) piecewise-continuous
profile (Fig. 1a) composed of sections of hyperboles,
which are connected through a discontinuity (shock
front) in a period, and a second-type profile (disre-
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garded by workers in acoustics at that time), which is
not discontinuous and consists of “lower” parts of ver-
tical ellipses that are linked to one another (Fig. 1b).
The second-type profile was called “arched” in [6]
(this definition is consonant with the classical “saw-
tooth profile” for nonlinear acoustics). The obtained
analytical solution showed the dynamics of profiles of
these two types.

In our later study [7], the exact analytical solutions
of equations of nonlinear acoustics (including the KZ
equation) with a required physical content were sought
on the basis of a so-called ansatz with respect to undis-
torted waves, which was introduced and theoretically
substantiated by the classics of mathematical physics
(see [8, 9]) and, at the same time, properly determined
by the main structural features of the waves and beams
of nonlinear acoustics.

To find a physically motivated analytical solution
of the KZ equation in [7] in order to describe a “slit”
beam (explicit analytical expressions were obtained at
all stages of the solution only in this case), an ansatz of
the following particular form was used:

(2)

which contained all of the elements that correspond to
the main structural features of the beam with their
evolution as the beam propagated; the wave character
of the propagation was also “displayed” in (2). In fact,
the correspondence consists in the following: W is the
wave shape (wave profile),  is the phase
function generalizing the simplest form of the “run-
ning” variable (“delayed” time), g(.) is an amplitude
function that describes the scale changes in the wave
profile with preservation of the characteristic form of
this profile, and q(.) is a function that corrects the
wave-profile shift relative to the zero level to provide
the zero mean over the profile area within the limits of
one period (one of the integrals of the KZ equation).
Thus, the “required” physical content of the solution
itself was already in place at the stage of selecting the
form of the solution. This is a fundamental difference
between the activity of mathematicians (for whom it is
important to find any suitable method for finding a
solution and to find the solution itself by performing
appropriate mathematical operations) aimed at find-
ing solutions of the same KZ equation; interpretation
of the solution is not vital.

The procedure of finding a physically meaningful
solution based, e.g., on the above ansatz (2) implies
obtaining (after (2) is substituted into (1)) and after
solving connected equations for the desired functions
involved in (2) in a general case; this procedure is of a
“nonstandard” character. To illustrate this, let us pres-
ent the analytical form of the solution with a physical
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content that corresponds to a “slit” beam, which was
derived in [7]:

(3)

Here,  and  is an
arbitrary function that can be determined from the
condition imposed on the time mean profile over the
wave period; and  are arbitrary con-
stants.

The choice of definite values for the arbitrary con-
stants included in (3) reflects the possible variations of
the wave profile, which, in turn, is determined by the
conditions of the beam formation (boundary condi-
tions), the nonlinearity characteristic of the medium, etc.

The most substantial changes in the profile form
occur at a certain change in the value of the arbitrary
constant B. For B > 0, solution (3) yields a branch of a
hyperbola (in fact, for positive B values, squaring of
both sides of (3) yields the explicit equation for a
hyperbole in the (V, τ) coordinates). Subsequently, by
cutting out a “required” segment from the hyperbola
(from its upper branch) by the wave period so that
upon a vertical shift due to off the radical terms in (3)
the zero time mean is obtained (an integral of the KZ
equation); by reproducing this result with the given
period along the τ axis, we obtain a profile with devel-
oped shock fronts that is typical of a nonlinear acous-
tic beam (see Fig. 1а). For В < 0, elliptic profiles are
obtained (we called them arc-shaped), whose specific
feature is the absence of shock fronts upon their non-
linear transformation (Fig. 1b). Such profiles are char-
acteristic of focused beams at a moderate nonlinearity.
This was shown in [10] where, based on the compari-
son of the numerical values of the parameters N and
focal length and with consideration for the changes in
these parameters along the focused-beam axis, the
“threshold values” of these parameters were found
that separate the conditions for the formation of some
wave-profile type in the focal region of the beam.
These profiles were obtained analytically in [6, 7] and
are shown in Fig. 1.

It should be stated that the approach to the search
for physically meaningful solutions of nonlinear par-
tial differential equations based on the use of a “cor-
rect” ansatz that reflects the necessary structure of a
desired object (e.g., an acoustic beam) is fruitful and
effective. We used this method to search for new (from the
standpoint of nonlinear acoustics) wave structures (see
below). In addition, this method was applied with certain
variations by other authors to obtain some variants of the
solutions of the KZ equation with respect to beams of
higher dimension (see the relatively recent [11]).
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In continuing to characterize the features and pos-
sibilities of seeking exact analytical solutions of non-
linear partial differential equations as applied to the
KZ equation we should dwell on the important case
where exact solutions are sought for confirming (or
disproving) the possibility of the existence of new (for
nonlinear acoustics) wave structures within the frame-
work of this equation; these new structures may be
“atypical” for nonlinear acoustics and, therefore,
unexpected in comparison with the practice of the
prior work with this equation. In such a case, the
search for a new “unexpected” solution is equivalent
to the proof of the existence of a new class of wave
structures within the framework of the analyzed equa-
tion. As applied to the KZ equation, we mean interest
in the possibility of the existence of both localized
solutions of the equation and actual localized wave
structures that are described by these solutions. We
note that this equation contains no terms (see Eq. (1))
that are responsible for the “explicit” dispersion;
hence, there are no grounds to take the explicit mech-
anism of mutual compensation of the nonlinearity and
dispersion into account, which usually determines the
existence of solutions (and, accordingly, wave struc-
tures) of the soliton type or, for nonlinear laws of dis-
persion, solutions in the form of [12, 13] compactons
(solitons of finite length) or peakons (solitons with a
peaked maximum). Because Eq. (1) is obviously non-
dispersive, the situation with the second classical type
of spatial localization, that is, the possibility of achiev-
ing self-trapped (waveguide) propagation of acoustic
beams, is also not obvious. In the 1960s, a theoretical
substantiation of the possibility of self-trapped (rela-
tive to the transverse coordinates) propagation of wave
beams in nonlinear optical or plasma media was given
in [14, 15]. However, only in 2000, on the basis of
finding an exact analytical solution of the KZ equa-
tion, we showed the theoretical possibility [16] of the
same waveguide character of the propagation of
acoustic beams, which is determined by the compen-
sation of the diffraction divergence by the nonlinear
noninertial refraction in acoustic media with a qua-
dratic nonlinearity. In contrast to self-trapped (wave-
guide) beam propagation in optics, where the energy
compensation of the above two main effects is suffi-
cient, for quadratic nonlinearity in nonlinear acoustics
this compensation is much “finer” and more complex;
the transverse beam profile (beam shape) of a “special
form” and its wave (time) profile participate in it. This
complexity is determined exactly by quadratic nonlin-
earity; the situation is somewhat simpler for cubic
nonlinearity. In order to understand these features, let
us perform a brief “qualitative–quantitative” compar-
ison of all these models.

Let us remember that the mathematical substanti-
ation of the existence of the waveguide propagation
effect in cubically nonlinear optical and plasma media
with one harmonic component, which is separated
due to dispersion, yields the determining nonlinear
ACOUSTICAL PHYSICS  Vol. 65  No. 6  2019
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Schrödinger equation for the complex amplitude ,
which was obtained for beams with a narrow angular
spectrum extended along the  axis of propagation:

(4)

where a nonlinear correction is taken into account for
the permittivity , i.e.,

 is the wave number, and  is the Laplacian with
respect to the transverse (relative to the propagation
direction) coordinates.

It is clearly seen from (4) that for self-focusing
media with , the signs of the first (describing
the diffraction divergence) and second (determining
the result of the nonlinear refraction) terms on the
right side of (4) are different, thus providing the possi-
bility of their mutual compensation. Thus, the prob-
lem of the waveguide propagation (stationary with
respect to ) of optical (electromagnetic) beams with
an axial symmetry, as well as “slit” beams, is reduced,
as is seen from (4), to solving an ordinary differential
equation. Summarizing the above, we can assert that,
first, the character of the nonlinearity for optical and
other electromagnetic wave beams allows one to pre-
dict the presence or absence of the wave-propagation
effect depending on the medium type (on the sign of

); second, in the case of the possible occurrence of
this effect ( ), the stationary (with respect to )
variant of Eq. (1) for a slit or axially symmetric beam is an
ordinary differential equation, whose solution can be
found without special mathematical difficulties.

When an analogous problem is stated and analyzed
for acoustic beams in nonlinear acoustics, both of
these conclusions are invalid. This significant compli-
cation of the analysis in comparison with the situation
in optics was partly the cause of the long lack of posi-
tive or negative results on the prediction of the possi-
bility of the waveguide propagation of acoustic beams.
The specificity (in comparison with (4)) of the math-
ematical model of the acoustic-beam propagation in
nonlinear acoustics is determined by two distinguish-
ing features. First, the absence of dispersion and, as a
result, an avalanche-like broadening of the spectrum
of the initial wave profile due to nonlinearity make it
necessary to find the forming wave (time) profile, thus
complicating (in comparison with (4)) the determin-
ing acoustic equation because a differential operator is
introduced with respect to an additional independent
variable (time). Secondly, the acoustics is character-
ized by quadratic nonlinearity (in contrast to the cubic
nonlinearity in (4)). In view of these differences, the
corresponding equation for the beam acoustics (the
KZ equation (1)) is more complex in both the prelim-
inary qualitative analysis (this was done above for (4))
and its solution (we primarily mean finding exact ana-
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lytical solutions that are physically meaningful regard-
ing the required beam-propagation conditions). The
structure of the nonlinear term in Eq. (1) does not
allow one (in contrast to (4)) to preliminarily predict
the possibility of cancelling the diffraction divergence,
which is described by the first term on the right-hand
side of (1), by nonlinear refraction. Therefore, the fea-
sibility of the waveguide propagation mode for acous-
tic beams will be determined by the presence of a phys-
ically substantiated solution of Eq. (1) in the stationary
case with respect to , which is determined by the
above compensation. However, in this case, an appar-
ent paradox occurs with respect to the existence of
such a solution. In fact, it is well known that the
above-mentioned avalanche-like spectrum broaden-
ing of the initial wave profile due to the nonlinearity
and the absence of dispersion leads to the formation of
saw-tooth waves with shock (discontinuous) fronts,
whose peak values decrease during propagation along
the  axis because of nonlinear high-frequency damp-
ing. This was first clearly demonstrated by Kra-
sil’nikov and Burov in 1958 [17]. This apparently
excludes solutions that are stationary with respect to .
However, a saw-tooth wave is a unique asymptotically
universal type of nonlinear wave in the planar (unidi-
mensional) case. For non-unidimensional (beam)
nonlinear acoustics, as discussed above (see [6, 7]),
the presence of the second asymptotically universal
type of wave profiles (see Fig. 1b), which have no dis-
continuities, with strong nonlinear distortions relative
to a sinusoidal profile is possible. Such profiles can be
classified as those belonging to the nonlinear disconti-
nuity-free type, which is their specific feature. Non-
linear high-frequency damping does not occur for
them; therefore, a profile of this type can be a station-
ary (with respect to ) solution of Eq. (1), which is

possible under the compensation condition . It

is also convenient to represent this condition in the

form , where  is the value of the

“critical force,”  is the averaged force of the
action of the acoustic beam on the cross-sectional area

, and  is the dimensionless factor determined by the
pressure distribution over the beam cross section and
its time dependence. To provide the mutual compen-
sation of the diffraction and nonlinear refraction, the
ratio of these two forces must be on the order of unity
(in analogy with the ratio between the critical power
and the beam power in the optical case).

We considered the problem of seeking a solution
that corresponds to the waveguide propagation of an
acoustic beam in [16]. The possibility of such propa-
gation was confirmed in this paper. In this case, as dis-
cussed above, a significant (and even determining)
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Fig. 2. The wave field (three periods of the wave profile are
presented) for the self-trapped propagation of an acoustic
beam in a medium with a quadratic nonlinearity. For clar-
ity, the amplitude distribution is shown only along the y
half-axis (i.e., half of the symmetric beam shape).

τ
y

Fig. 3. The complete structure of a self-trapped beam field
in a quadratically nonlinear medium (top view).

τ

y

role was played by the correct choice of the initial
ansatz for searching for the solution:

(5)

in which there is primary information on the required
structure and physical content of the solution. In this
expression,  and  are the desired functions
for which a system of nonlinear equations is obtained
when (5) is substituted into (1):

(6a)

(6b)

with the boundary value  for normalizing the
beam shape.

It is important to note that the proposed ansatz (5)
without an additional solution indicates a wave (time)
profile in the form of parabolas that osculate in a
period; this profile has no discontinuities (conse-
quently, high-frequency dissipation is absent) and it
can be referred to the class of arc-shaped profiles we
introduced.

As a whole, the theoretically obtained (based on
the analytical solution of system of equations (6)) wave
structure of a self-trapped beam in a quadratically
nonlinear medium is shown in Figs. 2 and 3.

In addition to the result of [16], let us analyze the
possibility of the waveguide propagation of an acoustic
beam in media with a cubic nonlinearity on the basis
of the equation

(7)

The sign “–” in front of the last term corresponds
to self-focusing media, in which the diffraction diver-
gence may be compensated. In this case, the cubic
nonlinearity is simpler for analysis and for searching
for a “suitable” solution of Eq. (7). In fact, the
requirement of the zero total area of the positive and
negative half-waves of the wave profile of the solution
of (7) on a period (the integral of the KZ equation), as
well as the independence of the result of the manifes-
tation of nonlinearity on the sign of , indicates the
symmetry of the sought solution with respect to the 
axis with its obvious symmetry along the  axis relative
to the center. This condition is satisfied by a partial
solution with a simple structure that allows separation
of variables:

(8)

which, when it is substituted into (7), leads to the fol-
lowing dependences that satisfy the above require-
ments:
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where  and  are the normalizing “peak” values of
the corresponding quantities and  is the separation
constant.

The structure of a self-trapped acoustic beam in a
cubic medium, which corresponds to solutions (9) and
(10), is shown in Fig. 4. Figures 2 and 4 show a com-
plex structure (a combination of a specific beam shape
and a specific wave profile) for self-trapped propaga-
tion of acoustic beams; we note that the structure of
such a beam changes dramatically when the nature of
the nonlinearity of the medium changes.

As a development of the problem considered in this
paper, it is natural to be interested in the possibility of
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Fig. 4. The wave field (three periods of the wave profile are
shown) for the self-trapped propagation of an acoustic
beam in a medium with cubic nonlinearity. For clarity, the
amplitude distribution is shown only along the y half-axis.

τ

y
Fig. 5. The spatiotemporal localized solution of Eq. (11).

y τ

V   2
the existence of completely localized solutions in
space and time, which would be a certain equivalent to
solitons or compactons for nonlinear dispersion equa-
tions. Such fully spatiotemporal self-trapped wave
structures (spatiotemporal “portions” of the acoustic
field) are figuratively called “acoustic bullets” [18].
Let us consider a stationary (along the longitudinal z
coordinate) variant of Eq. (1) in a cylindrical axisym-
metric geometry:

(11)

we will also analyze its self-similar solution in the form

(12)
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which allows one to fully integrate Eq. (11) and obtain

(13)

where  and D is the integration constant (the
second integration constant is assumed to be zero).

It is an interesting mathematical fact that despite
the determination of the function f that depends on the
self-simulated variable  from (13), in the
expression of the energy characteristic  (in this case,

 is expressed from (13); we use the explicit solution
of cubic Eq. (13) according to the well-known algo-
rithm for the function f in the denominator and finally
form the expression for  using (12)) the initial vari-
ables that are combined in the self-simulated variable

 are “separated”:
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The analysis of the obtained solution for  shows
that for  (this corresponds to the replacement of
V by –V in (4), i.e., to a so-called “dark” pulse or a
rarefaction pulse) and for  it is localized with
respect to the spatial transverse  and the time
τ coordinates (see Fig. 5). It should be noted that due
to the “running” variable τ, this localized structure
moves at the velocity of sound along the longitudinal
z axis.

The previously obtained effect of waveguide (sta-
tionary) propagation of a sound beam was explained
by the “balancing” of the actions of the diffraction and

V
0N <

0D >
y r≡
nonlinear refraction, while the possibility of the exis-
tence of spatiotemporal localized solutions is provided
by a “finer” balance between the nonlinearity and the
dispersive manifestation of the diffraction (the depen-
dence of the phase shift of harmonics on the frequency
(i.e., the harmonic number) due to diffraction).
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