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INTRODUCTION

The objective of this work consists in determining
the conditions that are necessary and sufficient for
weakly diverging ray bundles to be formed in vertically
stratified oceanic waveguides with a point source of
sound waves. Naturally, those questions have been
widely discussed earlier [ 1—10]. However, more recent
publications [11—13] that offer some contradictory
conclusions made it mandatory to analyze the prob-
lem in more detail. Such an analysis is important in
interpreting the laws of forming the spatial (in depth
and horizontal distance, [1—4]) and spatially-time (in
depth and propagation time, [14, 15]) distributions of
the acoustic intensity at long and super long distances
in the ocean waveguide.

One group of works [1, 2, 11, and 12] states that, for
forming the weakly diverging bundles, it is sufficient
that smooth extremes should exist in the dependence
of the cycle length of the geometrical rays on their
departure angles at the source. In the second group of
works [7, 13], the necessary and sufficient conditions
for forming such bundles are formulated as the exist-
ence of extremes in the dependence of the cycle length
of the geometrical rays on the ray parameter that is
inversely proportional to the phase velocity of sound
propagation along the corresponding rays. According
to [7, 13], principal contradictions of the two state-
ments exhibit themselves only for the so called caustic
bundle that forms around the ray leaving the source in
the horizontal direction. Therefore, it seems to be
highly important to find the most justified and correct
formulation of the conditions for forming the weakly
diverging ray bundles [1, 2, 7, and 13].

In addition, an evident question arises about the
possibility for the weakly diverging bundles to form if
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there are no extremes in the dependence of the cycle
length of the geometrical rays on the ray parameter, for
instance. The fact that the fist derivative of the corre-
sponding function is equal to zero at certain value of its
argument can mean the existence of an inflexion point
rather than an extreme of the function. Therefore, it is
highly important to reveal whether the weakly diverg-
ing bundles can form when an inflexion point exists in
the dependence of the length of the ray cycle on the ray
parameter.

In considering the aforementioned problems, just
as in [7], the main attention is paid to obtaining
explicit relations that allow one to formulate suffi-
ciently general conclusions.

PARAMETER OF DIFFRACTION
DIVERGENCE OF MULTI-MODE BUNDLES
IN THE WKB APPROXIMATION

Let us show that the physically correct formulation
of the conditions for forming the weakly diverging
bundles in vertically stratified oceanic waveguides
should involve derivatives of the cycle length of the
Brilloin wave (rays) just with respect to the ray param-
eter. To do so, let us consider propagation of multi-
mode acoustic bundles with sufficiently narrow spatial
spectra 4, of the ray-forming modes with numbers / =
[1, L]. In oceanic waveguides, such bundles can be
excited by both point sources [8, 9] and those distrib-
uted in depth [16, 17]. In the first case, a multi-bundle
structure of the sound field forms [8, 9], while a single
bundle can be selectively excited [16, 17] in the second
case.

Thus, let us suppose that the spectrum of the modes
that corresponds to the bundle with certain depen-
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dence of the excitation factors 4, on the mode number

[is concentrated in the vicinity of the mode with num-
ber /= [, and has the width A/ = L:

<1,
I=1,+L,/2 (D
L/l <1, IJL <1.

Here, L, > 1 is the number of efficiently excited
modes and I > 1 is the total number of modes in the
waveguide.

Let us show that the diffraction divergence of such
a bundle is determined by different-order derivatives
of the cycle length of the Brilloin waves with respect to
the ray parameter at / = /,, those derivatives character-
izing the aberration effects of the corresponding
orders. To do so, let us use the results of works [18, 19],
which allow one to come to a natural statement that
the diffraction divergence of the corresponding mode
group (1) depends on a certain dimensionless quan-
tity {. In waveguides that are uniform along the prop-
agation path, the latter quantity should be propor-
tional to the horizontal distance  passed by the bundle
and to the number Z, of efficiently excited modes. In
addition, the value of { should be inversely propor-
tional to the minimal value R ;, of the spatial period of
reforming the interference structure R, (diffraction
focusing) of the sound field [18]:

R, = min{Rg(l, I'snon')d, 2)
R R, .
R(LI; ) = hlomr 3
(L Tim ) = 3)
2 2
Ry =~ =~ “)
ki—kr ko(Bi—Br)

Here, R, is the spatial period of interference for
modes with numbers / and /', k; is the mode’s wave
numbers, f; = k;/k, is the ray parameter of the corre-
sponding Brillouin waves, &k, = ®/cy, ® is the cyclic
frequency of sound waves, and ¢, = min{c(z)} = ¢(z,) is
the minimal value of the sound speed that corresponds
to the position z = z, of the channel axis.

The aforementioned features of the dimensionless
variable  lead to the following expressions:

€ =rP, (5)
P, = L0/|Rmin|' (6)

According to Eq. (5), the larger the value of P, (6),
which is actually the diffraction parameter of the bun-
dle, the higher the rate of its diffraction divergence.

The large-scale interference structure of the sound
field that is most stable at long distances is of the most
interest. Such a structure is formed by modes with
adjacent ordinal numbers [18]. Therefore, we specify
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I'=1+ 1land »' = n + 1 in analyzing Egs. (2)—(4). If,
in addition, one uses condition (1), which expresses
the narrowness of the spatial spectrum of the excited
modes, it is sufficient to specify / =1/, — L,/2and n =
Iy + Ly/2in Eq. (2) for R, to correctly estimate quan-
tity R, (3). Then, in view of the adopted assumptions,
one can perform the transformation that is analogous
to that used in [18], namely, the expansion of all quan-
tities appearing in Eq. (3) for R, with respect to (/ —
ly)/L <€ 1 up to the third order of smallness to obtain
the following expression for P, (6):

@ 1,3 15
P,~ PP PP+ 2P 7
d SPa * e 7
PP = 1)/RY. (8)

In Eq. (8), the spatial periods Rflk) of diffraction focus-

ing the sound field, which characterize the scale of
aberration effects of the corresponding orders (k = 2,
3, and 4), are given by the following expressions [18]:

@ _ ﬁ 3,dD,;
Ry = zn{’) dBl} ©)
K aD 2
Rfls)_ ﬂ){ 1/[ D _ D(dﬁ)}} . (10)
l —
3 2
R - (& 3{05 d_Dz_m(d_Dzj )
S o Oy (dB (11)
&(@ﬂ} .
DZZ dB =1
Here,
Dy = 2P, [d2/1(2) (12)

<

is the cycle lengths of the Brilloin waves that reach the
minimal zZz(3;) and maximal z4(3;) depths in the water

layer, respectively,
2 2
@) = Jn(2)-Bi,

and n(z) = ¢y/c(z) is the refraction index of the sound
waves.

In describing ordinary multi-mode bundles, the
reference Brilloin rays for which 3,= 3, obey the con-
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and we can restrict ourselves by the only first summand
P, = |P;2)| in Eq. (7) corresponding to the aberration
effects of the second order in those bundles.

To describe propagation of the first-type weakly
diverging bundles with the Brilloin rays obeying the
condition

2
(QD _ o, (d_])zzj £0, (14)
dB B;=P;, =P dBl By=P; =B

of'an extreme existing in the dependence D([3)) at 3, =
B;, = B., it is sufficient to account for the second sum-

mand P, ~ %|Pfl3)| in Eq. (7), that summand character-

izing the aberration effects of the third order. However,
if the following conditions are satisfied for the refer-
ence Bruilloin rays:

(42 _ (Mj _ o
By |b=m =0 \apl sy 5.

3
(d Dlj Lo
3
dBl Bz=610=6c

that correspond to the existence of an inflexion point
in the dependence D() at B, = B, = B., Eas. (9)—

(11) lead to a conclusion that the second-type weakly
diverging are a generated form in oceanic waveguides.
Such bundles are mainly influenced by the aberration

effects of the fourth order, P, = é|Pfl4) .

(15)

Thus, in vertically stratified oceanic waveguides,
weakly diverging multi-mode bundles can form when
not only sufficiently smooth extremes (14) [7, 13] but
also inflexion points (15) exist in the dependence of
the cycle length of the Brilloin waves (12) on the ray
parameter that is determined by the dispersion equa-
tion:

ko [v(@)dz = n(l=v).

<

(16)

Such a parameter is obtained with the use of the WKB
approximation [20, 21]. Parameter v in Eq. (16) takes
values of 1/2 or 1/4 depending on whether depths z,
and z;; correspond to the turning horizon for the Bril-
loin waves or perfectly reflecting interfaces of the
media [20, 21].

It is worth mentioning that the approximate

expressions for P, = |Pflz)| , Egs. (7) and (8), which fol-
low from Eq. (6) for the ordinary bundle, differs from
the exact expression obtained in [17] for P, in the case
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of Gaussian bundle. However, such a difference con-
sists in nothing but a constant factor of /4.

WEAKLY DIVERGING BUNDLES OF RAYS
IN GEOMETRICAL ACOUSTICS

Now, let us show that, for weakly diverging bundles
of geometrical rays to form in vertically stratified oce-
anic waveguides, it is necessary and sufficient to satisfy
the same conditions as Egs. (14) and (15) in which,
however, D, and [, should be substituted by cycle
lengths D and ray parameter 3 corresponding to the
rays of geometrical acoustics.

To do so, let us use the approach proposed in [22]
for obtaining the approximation of geometrical acous-
tics for the sound field in waveguides. Then, by using
the WKB approximation for the mode representation
of the sound field and replacing the summation over /
by integration over [J, with the stationary-phase
method [7, 22], one can obtain the well known expres-
sions [20, 21] for the intensity J; at the geometrical ray
and the number A/; of the modes efficiently forming
the ray:

_ 2 B/v(zs B)Y(z, B)
JB - (poRO) { rﬁ|6rﬁ/5B| }7 (17)
(2)
Al = b [Folom] o [RelidDsapl (g
P 2n | 0B D |ory/0B
Here,
rg = mD(B) +nD(z, B) + uD(z, B) (19)

is the horizontal distance passed by the geometrical
ray, m =0, 1, ... is the integer number of’its cycles, z, is
the depth of the pointsource, B = cosy, and ¥, = %(z;)
is the grazing angle of the ray at the channel axis.

Other values appearing in the equations are as fol-
lows:

D(B) = 2 [dz/v(z.B), D(z.B) = P [de/v(z.B),
s (20)

R = SLD'/aD/dp), 1(z B) = dn’(2) -

FL _ _1 ) l,L _ + 1 .

+1, -1,

with p, being the amplitude of the pressure generated
by the point source in a uniform medium at distance
R,. In Eq. (21), v, =y(z,) is the grazing angle of the ray

at the source (y, < 0 and ¥, > 0 correspond to down-
ward and upward directions, respectively) and y = .(z)

<p

%s <0, v <0,

2y

%s> 0, x>0,
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is the grazing angle of the ray at the depth of recep-
tion z, so as

siny, = Hy(z, B)/n(z,), siny = —py(z, B)/n(z).

According to Eq. (17) (see also [20, 21]), the
extremely maximal values of the acoustic intensity at
the rays (1/J; = 0) are reached at the points of touch-
ing the caustics, 7. and r,. In 3 of Eq. (19), such points
correspond to certain values of the ray parameter f =
Bealzss 7.4), Which are the solutions of the equation

(0ry/B)y -, = O

Equation (18) shows that, along the ray trajectory, the
sound field at the ray is formed by the extremely max-
imal number of constructively interfering modes just
at the points of touching the caustics (1/Al; = 0).

(22)

Here, the matter of our interest is a rather evident
condition of forming the caustics in vertically stratified
oceanic waveguides. Such a condition consists in the
existence of a sufficiently smooth extreme in the
dependence D(P) at a certain value § = 3.

(%) (£

dp dp’

Thus, in view of Egs. (19) and (23) for the rays with
i = —u, Eq. (22) can be used to find the solution

B.:. = B., to which certain coordinates of the points
correspond,

# 0. (23)
B=B,

P =P

rC = mD(BC)’

at the caustic lines on the 7 — r plane. However, if rays
of an arbitrary type are considered, that is, when I =
—W,Z,#Z, B =W, Z,#Z, and z,= z, one can obtain only
approximate solutions of Eq. (22) in their general
forms. If one uses the expansion of the derivative
0ry/0P into series with respect to AR = ., — 3, to the
second order of smallness in the vicinity of § = [3,,

Eq. (22) yields a quadratic equation for A} whose
solution has the following form:

Z. = (24)

ABY = 2[4 [) o204 (25)
2a; ai
where
(arﬁ) (azrﬁj
al = ~n ) 2 = _2 )
OB/ |p=p. B |-,
’ (26)

Naturally, solutions of Eq. (25), first, should be real,

a,d;
4—2 <1,

a,

27)

and, second, they must belong to the range Af3, that is
characteristic for the weakly diverging bundle (see
below):

AR < AB.. 28)

Note that quantity ABY) is one that can preferably

obey condition (28). The minimal value of that quan-
tity

ABY) ~-a,/a,
will be reached when
4|a1a3|/a§ < 1.

It is quite natural that, for the rays forming the
weakly diverging bundles, quantities J (17) and Alg
(18) should take the maximally allowable values along
the trajectories of the rays on the z—r plane. Therefore,
the necessary and sufficient conditions for bundles of
weakly diverging rays to be formed in oceanic
waveguides are also for Egs. (23), which characterize
the existence of smooth extremes in the dependence
D(B) (20).

The aforementioned features of dependences Jx(z,
r) (17) and Alg(z, r) (18) lead to a conclusion that the
weakly diverging bundles do not predominate in their
intensity in comparison with the total sound field in
the waveguides because the spatial structures corre-
sponding to the caustic lines [13] have the highest
intensity. Nevertheless, the rays forming such bundles
also participate in forming certain parts of the caustic
lines that become closer to each other as the number m
of ray cycles increases. As a result, according to Egs. (19)
and (25) and the data of numerically modeling [13],
specific caustic bundles form, which predominate in
their intensity and correspond to weakly diverging
bundles. The characteristic width A3, of the range
within which the ray parameter varies,

AB AB
- —<BLP+—=
B.- = <B<B.+=
for the rays forming the parts of caustic lines corre-
sponding to the caustic bundle is determined by the
following expression:

b

ABC = |Bca(ZBc) - Bca(ZHc)| s (29)
where
ZBC = ZB(BC)’ ZHC = ZH(BC)'
Here, the range
B.<B<PB.+AB./2
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corresponds to the upward parts and the range

AB.

B ¢ T < B < B ¢
corresponds to the downward parts of the caustics.

With the use of the approach similar to that of [22],
we find the following expression for correctly deter-
mining the sound field in the vicinity of caustics,
namely, at the rays that touched or did not touch caus-
tics, and the number of modes efficiently forming such

rays:

; D

B— Bea
where

3 3 2
o) (&)
2l p=p o’

Equations (30) and (31) show that, in the vicinity
of caustic lines on the z — r plane (22), the extremely
maximal intensity of the sound field (1/J;(B,,) = 0) at
the rays and the number of modes efficiently forming
those rays (1/Al;(B.,) = 0) will be reached if the equal-
ity that is complementary to Eq. (22) is met:

= 0.

2
(6 rﬁj
2
aB B = Bca

It is quite evident that the conditions similar to those
of Eq. (15) are necessary and sufficient for the equali-
ties (22) and (32) that determine forming weakly
diverging bundles of the second type to be commonly

valid:
2
(@j _ d_Dj
d 2
Py \ap
= 0.

%)
o T

Those expressions correspond to the existence of an
inflexion point in the dependence D(3) (20) at B = j3..

For a certain type of the rays with Il = —patz, =z,
the value § = B, is the exact solution B.(zs) = B, of
Eq. (32). Therefore, the coordinates of the points at
which such rays touch the caustics can be found from
Eq. (24). However, only approximate solutions of

|’”B—”c|

2

AIB(B)={3(§—QZ&}

[o°ro/08]

2
9 rp
op’

1/3

(30)
B— B

Je(B) = {B/v(zs, B)v(z, B)ry

Fo = rB(Zcﬂ Bca)’
N o'y
op’

o'ry

! < |rg-r <{
op

B =P

(32)

P =B, (33)
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Eq. (32) can be found in their general form if rays of
arbitrary types are considered, thatis, if [l = —, Zg#2
or L =L, Zg# 7, and zg=z. Thus, the expansion of the

derivative 62}“‘3 / 6[32 in series with respect to AR =3, —
B, in the vicinity of f = 3, to the second order of small-

ness with the use of Eq. (32) vields a quadratic equa-
tion for A whose solution has the form

ABSY = _ﬁ(u 1_4—’)12’)3], (34)
2b3 bZ
where
1 o'r
by = a,, by, =12a;, by= é(_fj (35)
o8], -,

The solutions AR f’ (34) should also satisfy the condi-
tions that are analogous to those of Egs. (27) and (28):

4b,by /b <1,
(€3]
|ABS7| < AB..

According to Eqgs. (33)—(35), condition (36) can be

preferably met with quantity AB;) whose minimal
values

(36)

ABy '~ b, /b,

will be reached when the following condition is satis-
fied:

4]b,by)/b; < 1.

It is worth mentioning that the rays of such a weakly
diverging bundle (33) form certain parts of the caustic
lines, namely, the cuspidal points of the caustics (see
[20]), whose coordinates z, and r, satisfy the equality
that follows from Eqs. (22) and (32):

ABS = ABY. 37)

The use of ABW in Eq. (37) is caused by the fact that,

in this case, this value is the only one that can prefera-
bly satisfy condition (28).

FORMING THE CAUSTIC RAY BUNDLES

As we have mentioned earlier, a specific caustic
bundle forms [13] if conditions (28) or (36), (37) are
met at the corresponding parts of the caustic lines that
are envelopes of the set of rays forming the weakly
diverging bundle, those rays becoming closer to each
other when the horizontal distance increases.

However, in stratified oceanic waveguides, caustics
can exist with no extremes (23) or inflexion points (33)
in the dependence D([3) (20). In this case, the presence
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of caustics is known [20, 21] to be caused by the exist-
ence of lower, y(zy, B) = 0, upper, y(z3, ) =0, or both
lower and upper, Y(zz, B) = y(zz, B) = 0, horizons of
turning the rays. Therefore, it is strongly important to
reveal the conditions whose satisfaction determines
forming the caustic bundle, which is similar to that
formed by rays of a weakly diverging bundle.

To solve the aforementioned problem, let us ana-
lyze the behavior of quantities J; (17) and Al; (18) for
the rays with ray parameters that are close to the value
B = Bs = n(zg), which is characteristic for the ray hor-
izontally leaving the source. In turning points of rays,
n(z) = By =P, the following condition is satisfied:

}

The coincidence of the depth of sound transmis-
sion with that of reception, z =z, and with the turning
horizon for the ray horizontally leaving the source,
Bz = By, is determined by the following equality:

V(z. Br) = v(2s Br) = 0.

If the latter equality is valid, the intensity of the sound
field will reach its extremely maximal value at some
points of the waveguide (1/J; = 0). In this case, the
number of modes efficiently forming the ray with f =
By is limited by a finite value: 0 < Al < oo.

ory
B

0< {y(z, B) < 0, (38)

B =5y

Thus, the ray bundle that is not compulsorily a
weakly diverging one,

4D =0
dp ’

B=Bs

can form the caustic bundle around the ray horizon-
tally leaving the source. However, in the case at hand,
one can hardly obtain the approximate solutions that
are analogous to Egs. (25) or (34), in which [3, is sub-
stituted by (. Such a situation is caused by the fact
that one cannot correctly expand the derivative
appearing at the right-hand side of the equation of
caustics (22) into series in the vicinity of values B = 3¢
or 3 = By because, according to Egs. (19) and (20),
those derivatives become infinite. The latter statement
whose consequence is relation (38) can be explicitly
verified by using the simplest model of the sound
channel with a linear dependence of n?(z) [20].

According to the aforementioned features, reveal-
ing the possibility for such a caustic bundle to exist and
determining the values of the ray parameter [3,, corre-
sponding to certain parts of the caustic lines forming
the bundle requires Eq. (22) to be solved each time
when particular dependences n?(z) are specified. Nev-
ertheless, the study [7] where different-type depen-
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dences n?*(z) were used allowed one to formulate rather
general conditions
<0, ( j

(d j
dp
B =Bs

whose satisfaction is necessary for the caustic bundle
around the ray horizontally leaving the source to form
in a vertically stratified waveguide. The Snell law [21]
can be used to obtain the differential relation

dD dD .

— =-—"/n sin .

ap dXS/ (z5)sin(xs)
The latter relation leads to a conclusion that, for form-
ing the caustic bundle determined by conditions (39),
the existence of the dependence D(y ) that does not

increase at y ¢ — 0 is necessary and sufficient.

dD
dp

<o

; (39)

B =P
(40)

It is important to mention that, according to
Eq. (39), the following equality is always valid for the
waveguides with finite values of the derivative

(dD/dB)g _,:

(@j 0
dys -0
As=

Such equality is equivalent to the condition of existing
weakly diverging ray bundles, which follows from
Egs. (23) and (40), as it was formulated in [1]:

(@D/dyy),,_, = 0.

(41)

XC = arCCOS(BC/I’l(ZS)) * O

CAUSTIC AND WEAKLY DIVERGING
RAY BUNDLES IN THE CANONIC
UNDERWATER SOUND CHANNEL

The above conclusions on forming the weakly
diverging and caustic bundles allow one to correctly
interpret the data obtained in [12]. To that end, in
analogy with [12], let us consider an oceanic
waveguide with the canonic underwater sound chan-
nel [23]:

c(z) = [l +e(e"-m-1)], 0<z<H,
N =2z -2)/B, 7y = B = 13km,
¢, = 1492 km/s, & = 1.14x 10 B/2.

42)

In spite of the fact that such a channel does not satisfy
the condition (41) of Brekhovskikh, the data of
numerical calculations [12] of the ray trajectories show
that a weakly diverging ray bundle forms around the
ray horizontally leaving the source.

However, one can easily find that, first, condition (41)
of Brekhovskikh and, second, condition (39) of form-
ing the caustic bundle around the ray horizontally
leaving the source are both met in channel (42).
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Fig. 1. Spatial distributions of intensity Jy(z, #) as functions of depth z and horizontal distance 7 for the sound field produced by
refracted rays and those interacting with the pressure-release surface. The distributions are normalized to the cylindrical
spread of the wave front. The shown dependences are calculated with averaging over Az = 6.5 m and Ar= 200 m at zg= (a) 0.5
and (b) 2 km with the use of the geometrical approximation [24, 25] for the canonic underwater sound channel (42).

Naturally, let us restrict ourselves by considering
the behavior of the dependence D(B) (20) within the
range of the ray parameter where the following rela-

tion is valid:
1(1 - 1) <1,
e\p

For such a channel, Eq. (20) can be used to obtain an
approximate expression [21] for the cycle length of
refracted rays to the second order of smallness with
respect to the corresponding parameter (42):

DB) ~ 00{1 " éz(é - 1)2},

D, = nB/Je.

(43)

(44)
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Then, with the use of Eq. (44), the required derivatives
can be found:

2
b D 2(1_ 1), aD. D 3(2_2). (45)
dB 6e’p* B dp’ 6¢'B B

The latter expressions show that condition (39) and,

hence, condition (41) of Brekhovskikh is valid.

In addition, Eqgs. (23) and (45) show that, in the
canonic sound channel (42), the weakly diverging
bundle of the refracted rays forms only if the source is
at the channel axis, zg = z;. Such a bundle forms
around the ray horizontally leaving the source, which
is the caustic ray. With other positions of the source,
Zs# 2o, as considered in [12], the caustic bundle pro-
duced by certain parts of caustic lines forms around
the horizontal ray. That fact is illustrated by the Fig. 1,
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in which the spatial distribution for intensity Jy(r, 2) =
rJ(r, 7) of the sound field, is presented in the form of
density of grey (with a dynamic range of 30 dB), the
distribution being normalized to the cylindrical spread
of the wave front. The presented data are obtained by
numerical calculations with the use of the modified
approximation [24, 25] of geometrical acoustics for
two substantially different depths of the source, 73 =
2km (asin [12]) and zg= 0.5 km.

According to the figure, the dependences Jy(r, z)
decisively and unambiguously prove that only the
caustic bundle forms around the ray horizontally leav-
ing the source at 7 # z,, in contrast to the dependences
obtained in [12]. That ray consists from certain parts of
the caustic lines that become closer to each other as
distance r increases.

Naturally, if one accounts for the contribution of
rays interacting with the pressure-release surface into
Jo(r, 7), a weakly diverging bundle also forms in such a
waveguide because of the existence of a sufficiently
smooth minimum in the dependence D(J) [8] within
the range n(H) < B <n(0). The rays of that bundle pro-
duce certain parts of the caustic lines that form the
corresponding caustic bundle (see the Fig. 1).

CONCLUSIONS

To conclude with, let us consider the main results
of this work and their consequences.

For the bundles with a sufficiently narrow spectrum
of the modes forming them, a concept of diffraction
parameter (6) is introduced. That parameter is pro-
portional to the width of the spectrum and inversely
proportional to the minimal spatial period of the dif-
fraction focusing of the sound field in the waveguide.
The analysis of the diffraction parameter allows one to
determine that, for weakly diverging acoustic bundles
to form in vertically stratified oceanic waveguides, it is
necessary and sufficient that either smooth extremes
(14) or inflexion points (15) should exist in the cycle
length of the Brilloin waves as a function of their ray
parameter that is inversely proportional to the phase
velocity of the corresponding modes. In a rather rare
latter case, the first and second derivatives of the
aforementioned dependence should simultaneously
go to zero.

By using the approximation of geometrical acous-
tics, it is shown that, for the formation of weakly
diverging acoustic bundles in vertically stratified oce-
anic waveguides, the satisfaction of conditions (22)
and (33) that are analogous to those of Egs. (14) and
(15) in the dependence of the length of ray cycles on
the ray parameter is necessary and sufficient. Similarly,
it is proven that the rays of the weakly diverging bundle
form certain parts of caustic lines producing the so
called caustic bundle that predominates in its intensity.
It is also determined that, in waveguides of certain
types (39) without the weakly diverging bundles, the
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caustic bundles form around the rays that leave the
source in the horizontal direction.

The aforementioned results allow one to come to a
conclusion that the statements made in [26] are incor-
rect, those statements consisting in that the mode
approach lead to a more strict necessary condition
than Eqgs. (14) and (22) for the weakly diverging bun-
dle to form, namely, the condition of the linearity of
the horizontal wave number as a function of the
mode’s ordinal number. To prove that incorrectness,
let us expand the ray parameter of the Brilloin waves
into series in the vicinity of the value / = [, that corre-
sponds to the maximum in the spectrum of the excited

modes (1):
N 7 n
x| 4B U=k
g [er] o
n=0 d[ l:lo

Here, N is the number of summands that should be
accounted for to correctly describe propagation of the
bundle. Then, the differential relation

B, _  2=n

dl kD,

(46)

that follows from dispersion equation (16) can be used
to bring Eq. (46) to a more useful form:

dmen (I- 1)

k. "’
0, nlR,

B~ BZO - 47)

where

Rfl”) _ {(_%)nl(%l(%>(nl)(%>}

1=1,

are the characteristic scales of aberration effects of the
corresponding orders, # > 2, see Egs. (9)—(11).

If conditions (14) and (15) of forming the weakly
diverging acoustic rays are met and the aberration
effects of orders N = 2 and N = 3 are accounted for,
Eq. (47) can be used with the value /, = /([3,) corre-
sponding to quantity 3, to find the approximate linear
dependence

27
~ B — =2 (-1
Bl Blc koch( c)

that characterizes the statement made in [26].

It is also worth mentioning that the WKB approxi-
mation for the mode representation of the sound field
in the waveguide nevertheless leads to the additional
condition formulated in [8] for the caustic bundle pro-
duced by the Brilloin waves of the weakly diverging
bundle to pronouncedly exhibit itself in the spatial dis-
tribution of the sound field. In fact, such a condition
consists in that the point source of the tonal signal
should excite a sufficiently large number of mode bun-
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dles with different values of [, within the range A, (29)
of the ray parameter of the Brilloin waves, those values
of [, being characteristic for the caustic bundle. A sim-
ilar additional condition is formulated in [8] for the
caustic bundle formed around the ray horizontally
leaving the source to noticeably exhibit itself.

10.
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